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EDITORIAL 


BAYRAM SAHIN|© |* 


This issue of International Journal of Maps in Mathematics is dedicated to the memory of 
Professor Krishan Lal Duggal. Dr. Krishan Lal Duggal passed away peacefully on December 
1 st of 2023 at 92 years of age. 


FIGURE 1. Professor Krishan L. Duggal and me at Windsor University 


Professor Krishan Lal Duggal was well knownn for his passion of Mathematics and he 
inspired greatness and guided all he had contact with in achieving their goal of learning. 
Greatly respected in his field, he authored and published numerous books and research 
papers. He was an avid musician in his free time singing Bhajans and playing the sitar and 
harmonium. 

I was familiar with Professor Duggal’s publications. But I met him face to face in 2003, 
when I had the opportunity to be his post-doctoral student at the University of Windsor, 
Canada. We co-authored many research papers with Professor Duggal, and we also co- 
authored the book titled “Differential Geometry of Lightlike Submanifolds” published by 
Springer in 2010. 

I will remember Professor Duggal with respect and gratitude. I will also remember him 


saying “The sky is not too high”. 


EGE UNIVERSITY, FACULTY OF SCIENCE, DEPARTMENT OF MATHEMATICS, 35100, Izmir, TURKIYE 


* Editor-in-chief. 
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A NEW PARAMETRIZATION OF CARTAN NULL BERTRAND CURVE 
IN MINKOWSKI 3-SPACE 


STUTI TAMTA AND RAM SHANKAR GUPTA : 


Dedicated to the memory of the late Professor Krishan Lal Duggal(1929-2022) 


ABSTRACT. We define and study a new parametrization of a Bertrand pair {a, a*}, where 
q@ is a Cartan null Bertrand curve and a* is a Bertrand partner curve of a in Minkowski 3- 
space by not taking the principal normal vector of the Cartan null Bertrand curve a parallel 
to ae, We characterize both cases when the curve a* is non-null and the null Bertrand 
partner of the curve a. Further, we investigate this type of Bertrand pair curve as a helix 
and a slant helix. Also, we provide some examples. 

Keywords: Bertrand curves, general helices, slant helices, Cartan null curve, non-null 
curve, Minkowski 3-space. 


2020 Mathematics Subject Classification: 53B30. 


1. INTRODUCTION 


In 1802, Lancret defined a helix as a curve whose tangent vector makes a constant 
angle with a fixed straight line called the directrix. Later in 1845, Saint Venant obtained 
a necessary and sufficient condition for a curve to be a general helix if its ratio of curvature 
to torsion is constant. In 1995, Scofield studied closed-form arc-length parametrizations for 


curves of constant precession and slant helices with a constant speed of precession [17]. In 


2004, Izumiya and Takeuchi introduced the concept of the slant helix in E® saying that the 
principal normal lines make a constant angle with a fixed direction. They characterized a 
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curve as a slant helix if and only if the principal image of the major normal indicatrix has a 
constant geodesic curvature [10]. 


In 2010, Kula et al. studied the relationship between slant helices and helices, and they 


characterized slant helices in E® in terms of differential equations [13]. In 2011, Ali and Lopez 


characterized a non-null spacelike and timelike curve with a spacelike principal normal 


vector to be a slant helix in E? if and only if either one of the two functions 


ae ” 


is a constant function and 7? — k? £0. 


In 2019, Liu and Pei characterized a null Cartan curve a to be a slant helix in E} 


if and only if the principal image of the major normal indicatrix has a constant geodesic 


curvature ky, i.e., 


Hs) 
= 5 Pair (6) a 


is a constant function for a non-zero torsion T(s) of the curve. 

In the fields of computer-aided design and computer graphics, helices can be used for tool 
path description, the simulation of kinematic motion, the design of highways, etc. [21]. Also, 
helix and slant helix play an important role in curve theory with numerous applications in 
the biological sciences, physics, etc. For instance, in the biological sciences, curves are used in 
the analysis of Deoxyribonucleic Acid (DNA), and in physics, they are used in characterizing 
the motion of particles in a magnetic field. 

In 1845, Saint Venant [16] posed the question of whether the principal normal of a curve 
is the principal normal of another curve on the surface generated by the principal normal of 
the given one. Bertrand [4] gave an answer to this question in 1850 and introduced curves 
with the property that the principal normal vector of a curve @ coincides with the principal 


normal vector of another curve a* at their corresponding points. Further, these curves 


were characterized in E® with condition ak + br = 1, where a and b are nonzero constants 
| 


and k and 7 are the curvature and torsion of the curve, respectively [7]. Also, Bertrand 
curves and their characterizations were studied by many researchers in Minkowski 3-space 
(see 9} [20]). In [8], Balgetir et al. studied the Cartan null Bertrand pair curve 
{a, a*} in Ef. Later in 2021, Gokcek and Erdem [8] studied the Cartan null Bertrand curve 


a with the non-null Bertrand partner curve a* in E?. In [6], Camci, et al. introduced a new 


— 
relationship between a Bertrand pair a and a* in E® by not taking the vector a*q parallel to 
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a normal vector of Bertrand curve a. Using this approach, the present authors studied a new 
parametrization of Bertrand partner curves and spherical indicatrices in Euclidean 3-space 

In view of this, we define and study a new parametrization of a Bertrand pair {a, a*}, 
where a is a Cartan null Bertrand curve and a* is a Bertrand partner curve of a in Minkowski 


a 
3-space by not taking the vector a* q@ parallel to N of a@ in Minkowski 3-space. 


2. PRELIMINARIES 


The Lorentz-Minkowski E? is a space with metric, 


,) = —da? + dx? + dz, 
3 


where (x1, 22,23) is a rectangular coordinate system. With respect to this metric, an arbi- 
trary vector a = (a1, @2, a3) is said to be spacelike if (a,a) > 0, timelike if (a,a) < 0, and 


null if (a,a) = 0. Similarly, if ~@ = a(s) denotes the position vector of an arbitrary non-null 


curve in E?, then it is called timelike and spacelike if all of its velocity vectors a/(s) are 


timelike and spacelike, respectively. The norm of the vector a is given by ||a’|| =/|(a’, a’)]. 


A non-null curve a(s) is parameterized by arc length s if (a’(s),a/(s)) = +1. A null curve 
is parameterized by pseudo-arc s if (a”’(s), a’’(s)) = 1. If a null curve is parameterized by a 


pseudo-arc function, it is referred to as a Cartan null curve. 


Let {T, N, B} be the moving Frenet frame along a curve in E?, consisting of the tangent, 
1 


the principal normal, and the binormal vector field, respectively. Depending on the causal 
character of a, the Frenet equations have the following forms: 


Case I. If @ is a non-null curve, the Frenet formulas are [12]: 


Ee 0 e,ky 0 T 
N’ = —eoky 0 €2 ko N ; (2.3) 
B’ 0 —ezko 0 B 


where (T,T) = €9, (N,N) = 41, (B,B) = e2, and €9,41,€2 € {—1,1}, and k(s), r(s) are 
curvature and torsion of a. 


Case II. If a is a Cartan null curve, the Frenet formulas are [5]: 


7 0 k  O fa 
No |=] k O —-ky N |, (2.4) 
B' 0 —-k, 0 B 
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where (T, B) = (N, N) = 1, and (T, T) = (B, B) = (T, N) = (N, B) = 0, and ki(s), ke(s) 


are curvature and torsion of a. 


In [3) [8], the authors defined the Cartan null Bertrand curve a : I > E? with Bertrand 


partner curve a* : I* — E? as follows: 
a®(s") = a(s) + A(s) N(s), (2.5) 


such that the principal normal vectors of a(s) and a*(s*) coincides at s € I, s* € I*, where 
A(s) is C%-function on I. 


Now, we define a new parametrization of a Bertrand pair {a, a*}, where a is a Cartan 


null curve and a* is a Bertrand partner curve of a in E} such that the vector a.a* does not 


have to be parallel to N, which is given by 
a*(s") = a(s) + u(s) T(s) + v(s) N(s) + w(s) B(s), (2.6) 


where u(s), u(s) and w(s) are differentiable functions and {T(s), N(s), B(s)} is the Frenet- 


Serret frame of a(s). If we take u = w = 0 in (2.6), we obtain (2.5). Hence, (2.6) is the 


generalization of Cartan null Bertrand curves in Ore 


3. NEW PARAMETRIZATION OF CARTAN NULL BERTRAND CURVE IN E} 


In this section, we study a pair curve {a, a*} in E? satisfying (2.6), where q@ is a Cartan 


null curve with curvature k; and torsion kg, and a* is a Bertrand partner curve of @ with 
curvature kj and torsion k5. 

Now onwards, we denote the geodesic curvatures of the principal normal indicatrices (im- 
ages) of a Cartan null Bertrand curve a by I, and that of a timelike and spacelike Bertrand 
partner curve a* by Ij and V5, respectively. 


Also, we set 


ltu' +vko w' —vky m 
b= ee y= cae h= oe (3.7) 
ds “ds” 


and 


(3.8) 


Next, we have: 
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Theorem 3.1. Let a: I > E? be a Cartan null curve in E} with curvatures ki(s) 40 and 
k2(s) satisfying (2.6). 


(i) If a* is a timelike curve with k* #0, then {a, a*} is a Bertrand pair in E? if and only 


if there exist differentiable functions u, v, w, and a real number h satisfying 


1 
vt+uki—wke=0, h<0O, ee hky — ko £0. (3.9) 


(it) If a* is a spacelike curve with ki #0 and having a spacelike principal normal vector, 


then {a, a*} is a Bertrand pair in E} if and only if there exist differentiable functions u, v, w, 


and a real number h satisfying 


v tuk —-wke=0, h>o, v= hki — ko £0. (3.10) 


1 
2h 


ks #0, then hky +ko £0, 
Further, in both the cases (i) and (ii), if 


kj =0, then hki +ko =0. 


Proof. (i) Let {a, a*} be a Bertrand pair in E} satisfying (2.6) such that @ is a Cartan null 


curve and a* is a timelike curve. Differentiating (2.6) with respect to s and then using (2.3) 


and (2.4), we obtain 


ds* 


yh 
ds 


=(1l+u' +vke)T + (v' +uky —wke) N+ (w’ — vk) B. (3.11) 


Taking the inner product of (3.11) with N, we get 


v +uky —wky =0. (3.12) 
Using (3.12) in (3.11), we obtain 
,. ds* ! ! 
T 7 =(l+ut+vko)T+(w —vk) B. (3.13) 
s 
Using (3.7) in (3.13), we have 
T* =pT+vB. (3.14) 


If we take the inner product of the equation (3.14) first with T and then with N, the 


following results are obtained 
—-1=2yup, (3.15) 


which gives p # 0 and vy £ 0. Consequently, from (3.7), we find that 1+ u’ + vko # 0 and 
w —vk, £0. 
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Using the third relation of (3.7) in (3.15), we get 
hv? = =1, (3.16) 


which gives h < 0. 


Now, differentiating (3.14) with respect to s and then using (2.3) and (2.4), we obtain 


ks N* “ = pT +(uky —vko) N +0'B. (3.17) 
Ss 


Taking the inner product of (3.17) with T and B, we find 


y= =v. (3.18) 
Using (3.18) in (3.17), we obtain 
ki N i” (uk —vke) N. (3.19) 
s 


Now, taking the inner product of (3.19) with itself and using (3.16) and the third relation 
of (3.7), we get 


(HY? (FY = -S (rr — my, (3.20) 


2h 
which gives (hk, — ky) £0. Now, using the first relation of (3.8), we have 
N* = BN. (3.21) 


Differentiating (3.21) with respect to s and then using (2.3) and (2.4), we obtain 
ds* ds* 


ok ok = _ — K PK . 22 
Using (3.13) in (3.22), we get 
d > 
k3 B* = = (Bkp — kj (1+u' +vkg)) T— (6k + kj (w’ — vkj)) B. (3.23) 
Using the first relation of (3.8) in (3.23), we have 
i hky — ky (hky —k 
ki B* “ = (® en Fe) ne pal +vky))T- (= “ ae) 
3 1 ds 1 ds (3.24) 
+ki(w' —v i1)) B: 
Now, using (3.7) in (3.24), we find 
ds* ko (h ky — ka) — kt? h (222)? 
ki B* — =(w' —vk ee i 
sp =f ony (BOR MEME? 
(3.25) 


L p*2 (ds*)2 
e (hky aC Cre, ) B). 
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Using (3.20), and the second and third relations of (3.8) in (3.25), we obtain 


ke BY < SOO e Oreo} (3.26) 


Taking the inner product of (3.26) with itself, we get 


BP (SY = 20s) nls) = 2h als)? (3.27) 


From (3.27), depending upon k} = 0 or k3 # 0, we find that hky +k2 =0 or hky +k £0. 


Conversely, let a be a Cartan null curve with curvatures k; # 0 and ky in E? satisfying 
(3.10). Then, we can define the curve a* as (2.6). Differentiating (2.6) with respect to s and 
then using (2.4), we obtain 


TT =pT +B. (3.28) 


Using the third relation of (3.7) and the third relation of (3.9) in (3.28), we get 


1 
T* =——_(hT+B), (1, T*) =-1. 3.29 
ag tT +B) TY (3.29 
Now, differentiating (3.29) with respect to s and then using (2.4), we get 
dT™* 1 
— hk, — ka) N, 3.30 
is > eR (h ky — ka) (3.30) 
which gives 
: dT™* & (hky — ko 
a = l= 2S) (3.31) 
: — ds 
where €; = +1. Now, N* can be obtained as 
Wag Ne ING AS. (3.32) 


Differentiating (3.32) with respect to s and using e9 = —1, eg = 1, (2.3) and (2.4), we 
obtain 


ds* 


(kj T™ + kz B*) ag 


= £1 (koT — ky B). (3.33) 


Taking the inner product of (3.33) with itself, we get 


CaP +HY(G) 


Using in (3.34), we get 


= —2ky ke. (3.34) 


hy +k 
jee (3.35) 
= 2h 


where €) = +1. 
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Using G2, ES], and G35) in BB), we find 
£1 &2 
B* = ——— (-hT +B), B*, B*) =1. 3.36 
ak +B), ( ) (3.36) 


Then, a* is a timelike curve, and the Bertrand partner curve of the null Cartan curve a. 


Thus, a is a Bertrand curve. 


(ii) Let {a, a*} be a Bertrand pair in E? satisfying (2.6) such that a is a Cartan null curve 
and a* is a spacelike curve. Differentiating (2.6) with respect to s, and using (2.3) and (2.4), 


we get 


i =(l+u' +vke)T + (v' +uky —wke)N + (w! —vk,) B. (3.37) 


Taking the inner product of (3.37) with N, we obtain 


v tuky —wk: =0. (3.38) 
Using in (3.37), we obtain 
ya - =(1+u' +vkq)T+(w' —vk,)B. (3.39) 
Using in (3.39), we have 
T*=pT+vB. (3.40) 


Taking the inner product of (3.40) with itself, we find 
12 (3.41) 


which gives vy £ 0 and y 4 0. Consequently, from (3.7), we find that 1+ u’ + vko #0 and 
w' —vky £0. 
Using the third relation of (3.7) in (3.41), we obtain 


hee = 1, (3.42) 


which gives h > 0. 


Now, differentiating (3.40) with respect to s and then using (2.3) and (2.4), we get 


ks N* “ = pT +(uky —v ko) N +0'B. (3.43) 
Ss 


If we take the inner product of the equation (3.43) first with T and then with B, the 


following results are obtained 


v=0; £ =O: (3.44) 
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Using in (3.43), we obtain 


ds* 
ky N* 
ds 


= (wk; —vko)N. (3.45) 


Now, taking the inner product of (3.45) with itself and using (3.42) and the third relation 
of (3.7), we get 


ie Z 1 


(Ri)? (SF) = = (nh — ha), (3.46) 


which gives (hk, — ky) £0. Now, using the first relation of (3.8), we have 
N* = @N, (3.47) 


Differentiating (3.47) with respect to s and then using (2.3) and (2.4), we get 
ds* ds* 


—k5 B* = B(koT—-kB sas ie : A 
ky ds B( 2 1 )+ ky ds (3 8) 
Using (3.39) in (3.48), we get 
* * ds* * / / 
—k} BY = B (ky T — hy B) + Kj ((1 tu +uk)T + (w — vk) B). (3.49) 
Using (3.7), (3.8) and (3.46) in (3.49), we get 
—ky BY ~ = ols) T(s) — n(s) B(s). (3.50) 
Taking the inner product of (3.50) with itself, we get 
ng? (427)” = 29(s) n(s) = —2 hls). (3.51) 
ds 


From (3.51), depending upon k = 0 or ks € 0, we find that hky + kg =O or hki +ko £0. 

Conversely, let a be a Cartan null curve in E? with curvatures kj 4 0 and kg satisfying 
(3.10). Then, we can define the curve a* as (2.6). Now, differentiating with respect to 
s and then using (2.4), we get 


T*=pT+vB. (3.52) 


Using the third relation of (3.7) and the third relation of (3.10) in (3.52), we obtain 


1 
T* = ——(hT +B), (T*,T*) =1. a3 
WP +B), (TT) (3.53) 
Now, differentiating (3.53) with respect to s and then using (2.4), we get 
dT™* 1 
= (hky — ka) N, (3.54) 


ds V2h 
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which gives 


dT* 3 (h ky — ka) 


i= 3.55 
<li gall= ae (3.55) 
Ss 
where €3 = +1. Now, N* can be obtained as 
N= £5.N, UN", IN") =1,. (3.56) 


Differentiating (3.56) with respect to s and using «9 = 1, eg = —1, (2.3) and (2.4), we 


obtain 


ds* 


( ki ky ir 


= £3 (koT — ky B). (3.57) 


Taking the inner product of (3.57) with itself, we get 


ds*\ 2 
*2 *2 = 
(ki? — ke )( 7 ) —) (3.58) 
Using (3.55) in (3.58), we obtain 
k 
pee) = 2), (3.59) 
2h & 
where €4 = +1. 
Using (3.53) (3.53), (8.55) , and (3.59) in , we find 
pr = 8354 (AT-—B), (B*, B*)=-1. (3.60) 


— Vth 
Then, a* is a spacelike curve with a spacelike principal normal vector and the Bertrand 


partner curve of a. As a result, a is a Bertrand curve, and the proof of the Theorem is 


complete. 


Now, from Theorem 3.1, we have: 


Corollary 3.1. Let a: I C R + E} be a Cartan null Bertrand curve in E} with non-zero 


curvature k, #0, ko, and the curve a®* given in be a non-null Bertrand partner curve 
of a with the non zero curvatures ki, ks. Then a* is a general helix if and only if a is a 


general helix. 


Proof. Leta: I CR7> ES be a Cartan null Bertrand curve in Re with the curvatures ky, k 


and the curve a* is a Bertrand partner curve of a. 
(i) If a* is a timelike curve, then from (3.31) and (3.35), we have 
k 

h Ayal —1 


b+. 


k 


iz = &1& (3.61) 
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(ii) If a* is a spacelike curve, then from (3.55) and (3.59), we have 


* he —1 

1 2 

= — 3.62 
ie £3 E4 ; k a4 (3.62) 


Combining (3.61) and (3.62), the proof is complete. 


Corollary 3.2. Let a: I C R > E} be a Cartan null Bertrand curve in E} with non-zero 


curvatures ky = 1, kg, and the curve a* be a non-null Bertrand partner curve of a with the 
non zero curvatures ki, ky satisfying (2.6). Then a®* is a slant helix if and only if a is a 


slant helix. Moreover, we have 


M=-fhOr, f,=Galr (3.63) 


Proof. Assume that a: J C R > E} is a Cartan null Bertrand curve in E? with curvature 


k, #0, ko and the curve a* is a Bertrand partner curve of a with the non-zero curvatures 
ki, k3 satisfying (2.6). Now, if the curve a is a slant helix, and then for the principal normal 


vector N of a and a constant vector field U, we have 
(N, U) = constant. (3.64) 
Since N is parallel to N* from we find 
(N*, U) = constant, (3.65) 


which implies a* is also a slant helix and converse is easy to prove. Further, we have: 


(i) If a* is a timelike curve, then using kj and k3 from (3.31) and (3.35) in (1.1), we have 


kt. 
Ty = —6 24. (3.66) 
2/2 ke! 
(ii) If a* is a spacelike curve, then using kt and k3 from (3.55) and (3.59) in (1.1), we have 
k! 
2/2 ke! 


Then, using (1.2), (3.66), and (3.67), we have (3.63). Thus, the proof is complete. 


Now, we have: 


Theorem 3.2. Let a and a* be a Cartan null curves in E}. Then, a* is a Bertrand partner 


curve of the Bertrand curve a if 


(i) there exist differentiable functions u, v, and w satisfying 


uv +ukj —wko=0, w'—vki =0, (3.68) 
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and its Cartan null frames are related by 
ok * 1 
T* = pT, N = N, B = —B, 
Lb 


or 


(ii) there exist differentiable functions u, v, and w satisfying 
v t+ukj-—wke=0, 1+u+vko =0, 
and its Cartan null frames are related by 


1 
T=vB, N*=-—é,N, B* = —T, 
V 


where 5 = +1, & =+1. 


(3.69) 


(3.70) 


(3.71) 


Proof. Let a is a Cartan null Bertrand curve in E? with k; 4 0, kg and the curve a* is the 


Cartan null Bertrand partner curve of the curve a satisfying (2.6). Now, differentiating (2.6) 


with respect to s and then using (2.4), we get 


=e =(l+u' +vke)T 4+ (vu! +uky — wke) N+ (w’ — vk) B. 
s 


Taking the inner product of (3.72) with N, we obtain 
v +uk, — wks =0. 


Using (3.73) in (3.72), we get 


ce “ =(1+u' +vko)T+(w' —vk,)B. 


Using in (3.74), we have 


T*=pTt+vB. 
Taking the inner product of (3.75) with itself, we find 
O=2pv. 


Now, we have two cases: 


Case (i) If v = 0, then we have 
i eas 


Now, differentiating (3.77) with respect to s and then using (2.4), we get 


ds* 
ken* = T+ kN. 
ds 


(3.72) 


(3.73) 


(3.74) 


(3.75) 


(3.76) 


(3.77) 


(3.78) 
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Taking the inner product of (3.78) with B, we find 


i =O 
Using (3.79) in (3.78), we obtain 
ds* 
ky N* = uk, N. 
1 as WKY 


Taking the inner product of (3.80) with itself, we get 


which gives 


« 6 bky 
ky _ ds* 
“ds. 
Using (3.82) in (3.80), we obtain 
N* =6N. 


Differentiating (3.83) with respect to s and then using (2.4), we get 


ds* 


(OT =keB) = =e (P= mB). 


ds 
Taking the inner product of (3.84) with itself, we get 


ds*\ 2 
12 as 12 
Using (3.82) in (3.85), we obtain 
k 
i) = ae 
ad ds 
Using (3.77), (3.82), and (3.86) in (3.84), we get 
R= SB 
m 
Case (ii) If w = 0, then we have 
T* =vB. 


Now, differentiating (3.88) with respect to s and then using (2.4), we get 


ds* 
ds 


Taking the inner product of (3.89) with T, we find 


ki N* =v B-vk)N. 


v' =0. 


(3.79) 


(3.80) 


(3.81) 


(3.82) 


(3.83) 


(3.84) 


(3.85) 


(3.86) 


(3.87) 


(3.88) 


(3.89) 


(3.90) 
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Using in (3.89), we obtain 


* 


ds* 


ky N* —vkoN. 
: ds el 


(3.91) 
Now, taking the inner product of (3.91) with itself, we get 


(3.92) 
which gives 
* EG V I) 
ds 
Using (3.93) in (3.91), we obtain 
Neo ew (3.94) 
Differentiating (3.94) with respect to s and then using (2.4), we get 
(ky T* — ki B*) ~ = ~&6 (ha T - hr B). (3.95) 
Taking the inner product of (3.95) with itself, we get 
ds*\ 2 
ky ky (—) = kr he. 3.96 
1k2 (=, 1 kg (3.96) 
Using (3.93) in (3.96), we obtain 
* &6 ky 
V “as 
Using (3.88), (3.93), and (3.97) in (3.95), we get 
m 1 
pao? (3.98) 
Vv 


Thus, the proof is complete. 


4. EXAMPLES 


Example 4.1. Let a(s) be a Cartan null curve in 


E? given by 


a(s) = (< sinh(V/2 s) + : cosh(V2's), Ss cosh(V2 s) + : sinh(V2s), 


, 


Sis 


with curvature kj = 1 and torsion kp = 1. 
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The Frenet frame of a(s) is given by 


a vee (cosh(v25) + B sinh(/2s), sinh(/2s) + B cosh(V/2 s), Js): 
N = (v2 sinh(V2s) + cosh(V2s), V2 cosh(V/2s) + sinh(V2s), 0), 
B= —( cosh( v2 s)+ a sinh(V/2s), sinh(/2s) + wa cosh(V/2 s), -4;). 
If we take u= 25,0 = ae w=—3s in (2.6), we find the Bertrand partner curve a*(s*) 
as: 
a* = (sinh( v2 s) A(s) + cosh(V2s) B(s), cosh(V2s) A(s) + sinh(V2 s) B(s), 0), 
where A(s) a Ib eS B(s) = se eee 
By computing the curvature and torsion of a*, we get 


ki = z k5 
1 phe 2 


Further, the Frenet frame of a®* is given by 


I 
S 


= (sinh(V2 s) + V2 cosh(V2s), cosh(V2s) + V2sinh(V2s), 0), 
N* = (v2 sinh(V2s) + cosh(V2s), V2 cosh(V2s) + sinh(V2s), 0), 
B* = (0, 0, 1). 


Thus, a*(s*) is a timelike Bertrand partner curve of the curve a(s). 


z-axis 
rx) S 
z-axis 
° 


: 2 
\ 0 eG 
6 NY ee eee 0 2 

\ ——. 20 


80 ‘\ 
——— 6 
x-axis 100 499 80 


FIGURE 1. Curve a (red) and a* (blue) in E? 


Example 4.2. Let ai(s) be a Cartan null curve in E} given by 


ay(s) = (sinh(s), cosh(s), s), 


with curvature ky = 1 and torsion kg = 1/2. 
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The Frenet frame of a4(s) is given by 
T; = (cosh(s), sinh(s), 1), 


N, = (sinh(s), cosh(s), 0), 


Be e cosh(s) —sinh(s) 
_— a ma. 
If we take u= 5,0= —i, w=s in (2.9), we find the Bertrand partner curve aj(s*) as: 


By computing the curvature and torsion of aj, we get 


o. 2 ne. B 


Ki = 7 2 16° 


Further, the Frenet frame of aj ts given by 


yy = cosh(s), sinh(s), 3), 


va ( 
Ny = (sinh(s), cosh(s), 0), 
By = 57s (3 cosh(s), 3 sinh(s), 1). 


Thus, aj(s*) is a spacelike Bertrand partner curve of the curve aj(s). 


4 
2 5. 
a 0 
-2 
5 
4 
-20 


ae 15 dF ae 
10 


z-axis 
z-axis 


-10 
0 coal 
10 5 
20 0 


x-axis y-axis 40 40 


FIGURE 2. Curve a; (red) and aj (blue) in E} 


Example 4.3. If we take u = 5, v 5, w= 5 im for the Cartan null curve ai(s) in 


Example 4.2, we find the Bertrand partner curve a3(s*) as: 
a= 5 (3 sinh(s), 3 cosh(s), 3s). 


By computing the curvature and torsion of a5, we get 
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Further, the Frenet frame of a5 1s given by 


a 3 (cosh(s), sinh(s), 1), 
Nz = (sinh(s), cosh(s), 0), 
By = Ts ( —cosh(s), — sinh(s), 1). 


Thus, a5(s*) is a Cartan null Bertrand partner curve of the curve aj(s). 


z-axis 
° 


FIGURE 3. Cartan null Bertrand partner curve a5 of a null Cartan curve a4 


‘s 13, 
in Ey 
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ABSTRACT. The object of the present paper is to study some results on a 8-Kenmotsu man- 
ifold with a non-symmetric non-metric connection. We obtain the condition for the manifold 
with a non-symmetric non-metric connection to be projectively flat and conformally flat. 
Also, it has been demonstrated that the manifold satisfying the condition R' . St=0 is an 
Einstein manifold. Further, by virtue of this result, we found the condition of Ricci soliton 
in 6-Kenmotsu manifold to be expanding. 

Keywords: Non-symmetric non-metric connection, 6-Kenmotsu manifold, conformal cur- 
vature tensor, Ricci soliton, Einstein manifold, Ricci semi-symmetric. 
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1. INTRODUCTION 


K. Kenmotsu studied a class of almost contact manifolds and identified it as a Ken- 


motsu manifold. The fundamental properties of local structure of these manifolds were 


studied by him [14]. Trans-Sasakian manifolds were introduced by J. A. Oubina [16], which 
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generalizes forms of Sasakian, Kenmotsu and cosymplectic manifolds. A trans-Sasakian man- 
ifold of type (0,0), (a, 0) and (0, 6) are Cosymplectic, a-Sasakian and 6-Kenmotsu manifolds 
respectively, where a, @ are smooth functions. In particular, a trans-Sasakian manifold will 
be Kenmotsu and Sasakian manifold, if a = 0,@ = 1 and a = 1,8 = O respectively. /- 
Kenmotsu manifold provides a large variety of Kenmotsu manifolds. Recently, Kenmotsu 
manifolds have been studied by several authors (cf. {8} |6} [24]). 

On differentiable manifolds, A. Friedmann and J. A. Schouten first proposed a semi- 
symmetric linear connection. On Riemannian manifolds, semi-symmetric metric connection 
was first systematically examined by K. Yano [25], which was further studied by authors, 
including S. Ahmad and S. I. Hussain [21], M. M. Tripathi and others. Semi-symmetric 
non-metric connection was established in a Riemannian manifold by N. S. Agashe and M. R. 
Chafle [I]. In line with this, S. K. Chaubey et al. introduced the notion of non-symmetric 
non-metric connection. It has been further studied in [4} [5] [71 (19). 

A torsion tensor of a connection is a mapping T’ : x(Q) x x(Q) > x(Q) defined by 


f (A,43) = Vado — Vai — [isl - (1.1) 


A connection V is symmetric if J’ = 0 and it is non-symmetric if JT’ 4 0. The connection 
V is metric if Vxg = 0 and it is non-metric if Vg # 0. It was further studied by several 
geometers [9]. 


In a Riemannian manifold (Q?"+!, g),g is a Ricci soliton if 


(£19)(AX1, X2) + 281 (Ay, 2) + 209(441, ¥2) = 0, (1.2) 


V 1, X% and V on 0?"+1, where £y denote the Lie-derivative along the vector field V, St 
is Ricci tensor and O is a constant. The Ricci soliton is shrinking, steady and expanding if 
0 <0, 0=0 and O > 0 respectively. 

This paper is organized as follows: In Section 2, we present an informative introduction 
of 6-Kenmotsu manifold. In Section 3, we define non-symmetric non-metric connection. 
In Section 4, we find the curvature tensor with non-symmetric non-metric connection. In 
Section 5, we investigate projectively and conformally flat 6-Kenmotsu manifolds with defined 
connection. In Section 6, we show that the manifold with the defined connection satisfying 


the condition R! - St=0 is an Einstein manifold. 
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2. PRELIMINARIES 


A smooth manifold 0?"*1 is almost contact metric if it admits a (1, 1)-tensor field ¢, 
an associated vector field ¢, a 1-form 7 and the Riemannian metric g satisfying 


PM =-M+H(N)6 AQO=1, GC=0, H(GX,) =9, (2.3) 


GPX, P%2) = G(X1,%2)— (M1) 9 (42),  9(41,0) = (4%), (2.4) 


for all X1,¥_ € T'N. 


An almost contact metric manifold 02"*! is a 8-Kenmotsu manifold if and only if 
(Van B)X2 = BIG (GX, ¥2) C— H (H2) O(%)]. (2.5) 
From (2.5), we have 


Vx.6 = B[4 — (41) d), (2.6) 


(Vif) X2 = BG (GX 1, PX2) = BG (41, ¥2) — (M1) H (2). (2.7) 


Further, the curvature tensor R', Ricci tensor St and Ricci operator Q' in 6-Kenmotsu 


manifold with the Levi-Civita connection V satisfy [20]. 


RI (A, A) = — BL (2) 1 — # (1) Xe] + (XB) [Ad — H(4%Q)¢] 
—(28)[%41 — HX), (2.8) 
RNC, Hi) ¥2 = (6? + C8) Lf (Xa) 1 — 9 (Hi, ¥2) C], (2.9) 
RUC, Ai)C = (8? + CB) — 441), (2.10) 
S'(41,0) = —(2n6? + CB)A (M1) — (2n — 1)(%18), (2.11) 
S1(¢,¢) = —(2n6? + 68), (2.12) 
até = —(2nB? + €8)¢ — (2n — 1)gradB. (2.13) 


Definition 2.1. A 6-Kenmotsu manifold 0?"*' is known as a generalized n-Einstein man- 


ifold if its Ricci tensor S' of type (0,2) satisfies 
S' = gt ro @ H+ As[F @w+w OF, (2.14) 


where, A1, Ag and 3 are smoth functions, w is a 1-form defined by w(%,) = 9(X%1,p) V X%, 


p and ¢ are mutually orthogonal to each other. 
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Definition 2.2. The projective curvature tensor of a (2n + 1)-dimensional 6-Kenmotsu 


manifold Q is given by [4] 
1 
P? (X1, Xo) Xz = Ri (MX, Xz) Xs - malcy (Xo, 43) Xp — Sl (4,5) HS]. (2.15) 


Definition 2.3. The conformal curvature tensor C” of a (2n +1)-dimensional B-Kenmotsu 


manifold Q is given by 


1 
C? (M1, Aa) Hy = RE (M1, Ha) Hy — TIS! (M2, X3) M1 — ST (1, 5) Xe 


—1 
+9 (X2, X3) OX, — G(X, X%3) Qt] 
k 
+ ann 1) 9 (%, 3) 1 - g (X11, X3) X] (2.16) 


where R', St, Qi and k is the curvature tensor, Ricci tensor, Ricci opretor and scalar 
curvature respectively with Vi. 
3. NON-SYMMETRIC NON-METRIC CONNECTION 


The relation between non-symmetric non-metric connection V and the Levi-Civita con- 


nection V is given as 


Vx, to = Vx, 42 + G (GX 1, X2) ¢, (3.17) 
which satisfies 
T! (Xi, X2) = 2G (GA, X2) ¢ (3.18) 
and 
(Vx, 9)(%2, %3) = —A (V3) g (PX), 2) — (2) G (GX, Xs) (3.19) 


for arbitrary vector fields 1, V2 and %3. 


Let 0?"+! be a 6-Kenmotsu manifold with a non-symmetric non-metric connection V, 


then 
(Vx, $)(%2) = (Vx, @) (42) + 9 (GX 1, 642) ¢, (3.20) 
(Vx,f) (X42) = (Wx,f) (42) — 9 (GX, %2), (3.21) 
Vx,6 = Vx, 6. (3.22) 


From (3.22), the following theorem yields: 


Theorem 3.1. The vector field ¢ is invariant with respect to the connections V and V {18}. 
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4. CURVATURE TENSOR ON A B-KENMOTSU MANIFOLD WITH NON-SYMMETRIC 


NON-METRIC CONNECTION 


If Rt and Rt are the curvature tensors of connections V and V respectively, we have 
Ri (41, Xp) X3 = Vx Ving Xs — VgV 2,03 — Ving x3) ¥3, (4.23) 
from (2.5), and (3.17), we have 
Ri (Ay, X2)X3 = Ri (Ay, X2) Xs + B[2G (PX 1, X2) HH(%3)¢ 
+G (Pq, V3) Xi — G(PV1, X3) V9]. (4.24) 
Putting | = e; in and summing over 1 <i < (2n +1), we get 
St (Ap, Xs) = St (AD, Hs) + 2nBG (PA, Xs), (4.25) 


O! (X2) = Of (Xp) + 2nB (GX.). (4.26) 


Thus we state the following theorem: 


Theorem 4.1. In a 6-Kenmotsu manifold, Ricci tensor and Ricci operator are defined by 


the equations (4.25) and (4.26) respectively endowed with V and V. 


Contracting (4.25), it follows that 
k =k. (4.27) 


Here Ri, St, Ot and k is the curvature tensor, Ricci tensor, Ricci operator and scalar 
curvature respectively with V. 


Thus with the help of (4.27), we have following theorem: 


Theorem 4.2. If a 6-Kenmotsu manifold Q2"*1 admits V, then the scalar curvatures cor- 


responding to V and V coincide. 


By replacing 3 = ¢, in and in view of (2.3), and (2.8), we get 
Ri (41,2) C = B? (HX) X2 — (Xa) 41) + 289 (G41, X2) ¢ 
+(418) [2 — H(¥2)¢] — (28) [41 — 9(%1)¢).- (4.28) 
From (2.3), and (4.24), we get 


RIC, ¥o)¥%3 = (67 +8) [fp (Xs) Xo — G (Ao, ¥3) C] + BG (PX, X3)¢. (4.29) 
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By using (2.3), (2.4), and (4-24), we get 
RC, M)C = RC M4)C 
= (6+ ¢B)IM — 9(%1)C). (4.30) 
Putting V3 = ¢ in and using (2.11), we get 


St(X2,0) = St(A2,¢) 


—(2n8? + ¢B)h (X) — (2n — 1)(%28) (4.31) 
and 


Ot (X2) = —(2nB? + €8)C — (2n — 1)gradB. (4.32) 


5. PROJECTIVELY CURVATURE TENSOR ON B-KENMOTSU MANIFOLD WITH 
NON-SYMMETRIC NON-METRIC CONNECTION 
From Definition [2.2} we have 
P(X, X2) X¥3 = Ri (X,,X2) Xs; [St (HX, X3) XY, — ST (4, X3) X%]. (5.33) 


Using (4.24), (4.25) in (5.33), we acquire 


P? (X1,Xq) %3 = P? (Ay, Xe) %3 + 28G (GA, Xo) H(v3)C. (5.34) 


1 
2n 


Thus, we have the following results: 


Theorem 5.1. If a 8-Kenmotsu manifold 22"*! admits V, then the projective curvature 


tensors corresponding to V and V are related by the equation (5.34). 


If 027" is C’-flat, then from Definition [2.3] we obtain 
1 
2n —1 
+9 (2, Xs) Oh — G (Xi, V3) O19] 


yu 


_ k 
2n(2n — 1) 


Putting 3 = 3 in and using (4.25), (4.26), and (4.28), we have 
A) Olay — AM), = (6? +68 +S yiAlaa)ar — AMAL 
—(2n — 1)[(1)A(H2) — (428) H(X1)1C 


+2(2n — 1)69(GX 1, X2)C. (5.36) 


Ri (X,, Xo) X3 [St (Xp, V3) X1, — St (AX, X3) Xe 


[9 (V2, ¥3) X1 — g (Xi, 13) X]. (5.35) 
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Again putting ¥% = ¢ in (5.36), we obtain 


St, = (67+ 68+ )Ai — (2m +1)? — (On 3)69 + alae 


—(2n — 1)((A418)¢ + H(A) gradp). (5.37) 


Hence 


SH (4, ¥2) = (6? + C84) MH) — (Om — 1)((A) ACH) + (428)H(44)) 


((2n + 1)6? — (2n—3)68-+ 5° yal )a( Aa). (5.38) 


Let w(41) = G(X, p) = (418) = G(gradB, 1) V X. If p and € are orthogonal then ¢8 = 0 
and (5.38) takes the form of (2.14). Therefore, we have the following theorem: 


Theorem 5.2. A conformally flat B-Kenmotsu manifold endowed with V is a generalised 


n-Einstein manifold equipped with Vv. 


6. 6-KENMOTSU MANIFOLD SATISFYING Rt - St=0 
We consider a 8-Kenmotsu manifold with V connection satisfying 
RI (X, X2).St = 0. (6.39) 
Therefore, we get 
S'(RT (Ay, Xp) 3, X1) + S'(X3, RI (A, Xo)X1) = 0. (6.40) 
Replacing % by ‘6 in (6.40), it follows that 
S'(RT(C, Xp) X3, Xs) + STH, RIC, Xp) X4) = 0. (6.41) 
In view of (4.29), we have 
(B? + CB) [fi(¥3)ST (Ao, X41) — G(A2, ¥3)ST(C, X4)] 
+ BG( GH, Xa)SM(G, Ha) + (B + CBN Aa)S" (Aa, X2) (6.42) 
— (M2, X4)S" (HX, 0)] + 8G(G% 2, Xa)ST (3,0) = 0. 
Again replacing 3 by ¢ and using and (4.31), we have 
S! (Hp, X4) = — (2nB” + (B)G(%2, Xa) + (2m — 1)((¥DB)H(%A) 


(6.43) 
— (448) f(X2)) + 2nBG(PXg, V4). 
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Using (4.25), we have 


S'(X2, X4) = — (2n8? + CB)G(%2, V4) + (2n — 1)(428)7(X4) 


(6.44) 
— (2n — 1) (448) (2). 
Taking V4 = ¢ in (6.44), we get 
2(¥28) = (¢8)A(%2). (6.45) 
Again we take 1 = ¢ in (6.45), we get 
(P= 0. (6.46) 
Using and in (6.44), we have 
S'(X2, X4) = —2n8?9(Xp, X41). (6.47) 


Thus we leads to the theorem: 


Theorem 6.1. A 6-Kenmotsu manifold satisfying the condition Ri. St=0 with V is an 


Einstien manifold with V. 


A Ricci soliton in $-Kenmotsu manifold is defined by equation (1.2). Naturally, two cases 
appear corresponding to the vector field V: V € Spané and V L ¢ . We consider only the 


case V = ¢ . The Ricci soliton (4, ¢ ,9) on a 6-Kenmotsu manifold endowed with V is defined 


as 
(£e9)(M1, X) + 2ST (AX, X2) + 20G(4%1, X) = 0. (6.48) 
Here 
(£eG)(%1, Xe) = (Ved) (1, 2) + G(V 2,6, Xo) + G(41, Vin.d)- (6.49) 
Now using (2.6) and (3.22) in (6.49), we have 
(£G)(H1, 2) = 28[9(%1, Xo) — (41) H(¥2)]. (6.50) 
Now, from (6.48) and (6.50), we obtain 
St (41, X2) = —(8 + ©)G(%1, X2) + BH(41)i(X2). (6.51) 


Replacing %1, X2 by ¢ and using (6.43), we get 
© = 2n(6? + C8). 


Since 8 is some non-zero function, we have O ¥ 0, so we state the following theorem: 
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Theorem 6.2. A Ricci soliton (g, ¢, Q) in B-Kenmotsu manifold 0?"*+ with V can not be 


steady but is expanding if 6? + CB > 0 and shrinking if 8? + CB < 0. 
7. EXAMPLE OF 6-KENMOTSU MANIFOLD WITH NON-SYMMETRIC NON-METRIC 
CONNECTION 


Example 7.1. Let us consider the 3-dimensional manifold 0?"+! = [(x;y;z) € R3|z 4 0}; 


where (x;y; z) are the standard coordinates in R?. Consider the vector fields 


0 0 


ay’ a= a = 6. 


01 = Fat 5 =e" 


At each point of 2?"+!, 01, 02 and 03 are linearly independent. Suppose the Riemannian 


metric g is defined as 


G (01, 02) = G (02, 03) = G (03, 01) = 0, 


G (01, 01) = G (02, 02) = 9 (03, 03) = 1, (7.52) 
and ¢ is defined by 
$(01) = —02, P(o2) = e1, 6(03) = 0. (7.53) 


According to the Lie bracket definition, we get 


2 2 
[21, 02] = 0, [21, @3] = ~ Fa [02, 03] = ~ 502. (7.54) 
Also 
29(Vx,¥2, X3) = 1g (Xo, X3) + XoG (3, X41) — X39 (41, X2) 
(7.55) 
+ g ([A1, 2] , ¥3) — g ([X2, ¥3] , %1) + G ([¥3, V1], X2) . 
Using Koszul’s formula, we get 
a 9 x 7 2 
Voie1 = 5 e8 V 0: 02 = 0, V 0103 = ml 
; : 2 1a, © 2 7.56 
Ve201 =0, — Ven02= = 03; Vores = —— 02, (7.56) 
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Also X%, = X10, + X20 + X03 and ¢ = 03, then we have 


Vaid 


V 2101 +4? 00+43 03 03 


= BON iy 03 + XPV 9503 + XPV 5,03 


2 
= (X10, + X02) (7.57) 


and 


Vaio = Bl —A(41)¢] 


= Bl(X*o1 + 702 + X% 03) — G (X01 + ¥7 02 + X03, 03) 03] 


2 
= —5 [to + ¥7 00 + X03 — ¥3 03] 


2 
= --[¥19,+ 4? 
z 


02). 


(7.58) 


From (7.57) and (7.58), the structure (¢, ¢ ,4,g) is a 8-Kenmotsu manifold structure. There- 
fore 03(¢, C, 4,9) is a B-Kenmotsu manifold. From (2.3), (2.5), (3.17) and (7.56), we have 


: 2 . : 2 
Vo 01 = 5 e3 Voi02=—03, Vo,03 = — Fas 


Nas 21 = 03, 


Ving 0 = 9, 


y 2 
V 02.02 = 7 Oo 


Vos 02 = 0, 


From equations (3.18) and (3.19), we have 


T' (01, 02) = 29 (Go1, 02) = —203 #0 


and 


vu 


(Voi9) (02,03) = 


¥ 2 
V 0203 = gee! (7.59) 


Ves 03 = 0. 


—7}(03)9 (Pe, 02) — 7(e2)9 (Ger, @3) 


140. 


Consequently, a non-symmetric non-metric connection V is defined in (3.17). Also, 


vy. 


Vxo = V 21 01+42 02+¥3 03 03 


= a 03 + AN abs + PY oa 03 


2 2 
= —=X19, — =X 09, (7.60) 
z z 


The equation (3.22) can be verified using equations (7.57) and (7.60). 
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The components of Rt of V are defined as 
t 4 oo Ri 4 a RI 
R" (01, 02) 01 = 02, R" (01, 03) 01 = =e, R! (02, 03) 01 = 0, 


4 4 
RI (01, 02) 02 = —3a1, RI (01, 03) 02 = 0, R' (02, 03) 02 = 288 


4 4 
R' (01, 02) 03 = 0, R! (01, 03) 03 = —a,R! (02, 03) 08 = ——y02, 


hence we can verify the equations (2.8), (2.9), and (2.12). 


Similarly, the components of curvature tensor R} of connection V are as under: 


y 


S A 2 ¥ 4 2 
R! (01, 02) 01 = ye =o, R! (01, 03) 01 = 303, R! (02, 03) 01 = 7 O38 


: 4 2 2 S43 4 
R! (01, 02) 02 = ea 502, (01, 03) 02 = —503,R! (02, 03) 02 = os, 


a 4 ¥ 4 ws 4 
R' (01, 02) 03 = 503, R! (01, 03) 03 = —saR! (02, 03) 03 = ~ 53 02- 


Thus, we can verify (4.24), (4.28), (4.29) and (4.30). 
St (X,, ¥) of connection V can be derived by using (7.61) in 
3 
S1(X, X2) = Yo9 (Rt (0;, V1) ¥, is) It is as under: 
i=1 


8 
S! (01, 01) = 8! (02, 02) = St (03, 03) = —- 


S'(Xy *,) of connection V can be derived by using equation (7.62) in 
gj 3 r 
S'(X, X2) = SY g(R! (0:, 1) ¥2, a;). It is as follows: 

i=1 


8 


S* (01, 01) = $* (00, 02) = 54 (03, 08) = - 5. 


In view of (7.63) and (7.64), the scalar curvature can be calculated as under: 


3 

24 
ies ») (0:, 0:) = S' (01, 01) + ST (02, 02) +S" (03, 03) = 72? 
i=1 


3 
k 5 : : x 24 
k= SS! (0%, 01) = S" (01, 01) + 5" (02, 02) +S! (03, 03) = “ee 


Thus we see that the example also verify Theorem [4.2] 


(7.61) 


(7.62) 


(7.63) 


(7.64) 
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ABSTRACT. In the current article we characterize y-Ricci symmetric (y-RS) and weakly 
y-Ricci symmetric (weakly y-RS) LP-Kenmotsu m-manifolds ((LP-K)m). We also examine 
the characteristic of an (LP-K)3 of scalar curvature 6. Moreover, we study (LP-K)m admit- 
ting w-parallel Ricci tensor. At last, we construct an example of y-RS (LP-K)s3 to verify 
some of our results. 

Keywords: Einstein manifold, y-Ricci symmetric manifolds, LP-Kenmotsu manifolds, 
scalar curvature, Ricci tensor. 
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1. INTRODUCTION 


Approximately five decades ago, the notion of Kenmotsu manifold as a class of almost 
contact metric manifolds was introduced by Kenmotsu [19]. Kenmotsu has proved that a 
locally Kenmostu manifold is a warped product Z x; & of an interval Z and a Kahler manifold 
N with warping function f(t) = pe', where p (4 0) is a constant. In 1976, the idea of almost 
para-contact Riemannian manifolds was proposed by Sato [20]. Then, as a class of almost 
contact Riemannian manifolds, para-Sasakian and Special para-Sasakian manifolds have been 
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defined and studied in [1] by Adati and Matsumoto. In 1989, Matsumoto defined and 
studied Lorentzian para-Sasakian manifolds. Later, Mihai and Rosca also contribured some 
remarks on this manifold [16]. The authors Sinha and Prasad studied para-Kenmotsu 
manifolds. In 2018, the first and second authors proposed and investigated a new class 
of Lorentzian almost para-contact metric manifolds namely LP-Kenmotsu manifolds [I]. 
Recently, numerous geometers studied LP-Kenmotsu manifolds in many ways to different 
point of views such as [9| and many others. Several mathematicians have 
studied the notion of weakly local symmetric Riemannian manifolds with different approaches 
in various fields. In 1977, Takahashi introduced the concept of locally y-symmetric 
Sasakian manifolds. The y-symmetric notion in contact geometry was initiated and studied 
by Vanhecke, Buecken and Boeckx [5]. About two decades ago, the authors De, Shaikh and 
Biswas have studied y-recurrent Sasakian manifolds [6] by generalizing the idea of locally y- 
symmetric manifolds. In [8], the author studied y-symmetric Kenmotsu manifolds in which 
he had given a number of examples. In 2008, De and Sarkar [7] studied y-RS Sasakian 
manifolds. Later in 2009, y-RS Kenmotsu manifold was studied by Shukla and Shukla [21]. 

This paper is structured in the following manner: Section 2 contains preliminaries, where 
some basic results are mentioned. In section 3, we study y-RS (LP-K),, and prove that an 
(LP-K),, is Einstein manifold, if it is p-symmetric. In section 4, we study of y-RS (LP-K)s, 
here we proved that an (LP-K)s is locally y-RS, if and only if r is constant. Section 5 is 
devoted to the study of weakly y-RS (LP-K),, and it is proven that a weakly y-RS (LP-K),, 
is an w-Einstein manifold. Section 6 deals with the study of (LP-K),, admitting w-parallel 


Ricci tensor. At last an example of (LP-K)3 is modeled to inquire some of our findings. 


2. PRELIMINARIES 


Let M™ (y,¢,w,g) be a Lorentzian metric manifold, where y: (1,1) tensor field, ¢: a 
characteristic vector field, w: a 1-form and g: the Lorentz metric. We are well acquainted 


with the following results |3} {4} [18]: 
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(2.2) 


(2.3) 
(2.4) 


(2.5) 


for all vector fields U, V on M™ and V represents the Levi-Civita connection of g, then M™ 


(y,¢,w,g) is said to be an (LP-K),,, [11] 10). 
In (LP-K),», the following results hold: 


(2.6) 


(2.7) 
(2.8) 
(2.9) 

(2.10) 

(2.44) 


(2.12) 


for all vector fields U,V,Z on (LP-K),,, where R is the Riemannian curvature tensor, S is 


the Ricci tensor and Q indicates the Ricci operator such that S(U, V) = g(QU, V). 


Remark 2.1. If an (LP-K)m, possesses the constant scalar curvature, then r = m(m—1). 


3. y-RS (LP-K)m 


We start this section with the following definitions: 


Definition 3.1. An (LP-K)m is called 
(i) y-RS if 


(it) p-symmetric if 


e2((V KB)(U, V)Z) =0 


(3.13) 


(3.14) 


for any vector fields U, V, Z, K on (LP-K)m. In case, U, V are orthogonal to ¢, then y-RS 


(LP-K)m, is named locally p-RS. 
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Definition 3.2. An (LP-K),,, is called Einstein manifold, if its S is of the form 
S(U, V) = Ag(U, VY), 
where » is a constant. 


Theorem 3.1. An (LP-K)m is p-RS, iff it is Einstein manifold. 


Proof. Let an (LP-K)m be y-RS. Then we have 


which by using becomes 
(Vy Q)V + w((VyQ)V)¢ = 0. (3.15) 


The inner product of (3.15) with Z lead to 


(Vy (QV), Z) — S(VyV, Z) + w((VyQ)V)o(Z) = 0. (3.16) 


By taking V = ¢ in (3.16), then using (2.5) and (2.10), we have 


(m —1)g(Vy6, Z) + S(U,Z) + w(U)S(¢, Z) + w((VyQ)¢)w(Z) = 0. (3.17) 
Now by virtue of and (2.10), turns to 
S(U, Z) — (m— 1)g(U, Z) + w((VyQ)¢)w(Z) = 0. (3.18) 


Substituting U > yU as well as Z > Z in (3.18), we find 


S(pU, pZ) = (m — 1)g(pU, 2). (3.19) 
Keeping in mind (2.3) and (2.12), (3.19) leads to 


Conversely, we assume that (LP-K)m is an Einstein manifold. Therefore, by the Definition 


3.2, we have QU = XU, from which we conclude 


9° ((VyQ)(V)) =0. 


This completes the proof. 


Corollary 3.1. An (LP-K),, is Einstein manifold, if it is p-symmetric. 


INT. J. MAPS MATH. (2024) 7(1):33-44 / A STUDY OF y-RICCI SYMMETRIC LP-KENMOTSU MAN. 37 


Proof. Let an (LP-K),, be y-symmetric manifold. Then we have 
2((V_R)U, V)Z) =0 


for any vector fields U, V, Z, K on (LP-K),,. 
By using (2.2) in (3.21), it yields 


(VKR)(U, V)Z— g((VKB)U, VC, Z)¢ =0. 


Now in view of (2.11), (3.22) takes the form 


Consequenty, we obtain 


g?((VKS)(V,Z)) =0. 


Thus y-symmetric (LP-K)m is y-RS. And hence Corollary 3.1 follows from Theorem 3.1. 


4. y-RS (LP-K)3 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


(3.25) 


(3.26) 


Theorem 4.1. In case, the scalar curvature r of an (LP-K)3 is 6, then (LP-K)3 is p-RS. 


Proof. In an (LP-K)s3, the curvature tensor R is given by 


RIUV)Z = (F-2Hi9V, ZU -9U,. DVI 


for all vector fields U, V,Z on (LP-K)s3. 
The inner product of (4.27) with K leads to 


(4.27) 


(4.28) 
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Let {l,, 15,13} be the orthonormal basis of the tangent space at every point of (LP-K)3. Now 


setting U = K = I, as well as proceeding for sum from 7 = 1 to 3 in equation (4.28), it 


provides 
S(V,2) = (5 — Vg(V,Z) + (5 - 3)w(V)w(2). (4.29) 
From it follows that 
QV = (5 =ijv+ € ~ 3)w(V)C. (4.30) 


Differentiating (4.30) covariantly along K, we have 


(MQV+QMY = E-nvgv+ Sv + Boas E-arqeewyg 
+(5 — 3)w(VKV)IG + (5 — 3)w(W)V KC (4.31) 
By virtue of (4.30), takes the form 
(qv = By + Bye +E -a7quynre (4.32) 
+(5 — 3)W(V)VKG 

By using and in (4.32), we have 

(Wpav = By 4 MUO ye —(E-syg(v. Kye (4.33) 
— (G-3)w(Vw(WN6 — 5 - 3) (WK + w(V)w(K)d) 


By operating y” on both the sides of (4.33), then using (2.1) and (2.2), we arrive at 


(QV) = Wy + ed - E - yo + w(KIO), (4.34) 


Since r = 6, therefore, from (4.34) it follows that 


yg ((VKQ)V) =0. (4.35) 


Hence, this completes the proof. 


Corollary 4.1. An (LP-K)3 is locally y-RS, if and only if r is constant. 


Proof. By taking V as orthogonal to ¢, then (4.34) provides 


dr(K) 


o'(VKQ)V) = —-V. (4.36) 


The result follows from (4.36) and Theorem 4.1. 
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5. WEAKLY y-RS (LP-K)m 


Definition 5.1. An (LP-K),, is called weakly y-RS if its Ricci operator Q satisfies 


9° ((V y@)(V)) = A(U)p?(Q(V)) + BV) 9"(Q(Y) + S(Y, U)p*(p), (5.37) 


where U,V € (LP-K)m. A, B, D are 1-forms and p is a vector field associated with 1-form 
D, i.e., g(p, Z) = D(Z). 


If the 1-forms A = B = D = 0, then the relation (5.37) reduces to the concept of y-RS 


given by 
g* ((VyQ)(¥)) = 0. (5.38) 


This concept was initiated by Shukla and Shukla [21]. 


Now, we consider an (LP-K),,,, which is weakly y Ricci symmetric. Consequently, the 


relation (5.37) together with gives 


(VyQ)(¥Y) tu((VyQ)(V))¢ = A(U)IQV + (QV)¢] + B(V)[QU + w(QU)¢] 


+S(V, U)[e + w(p)¢], 


Vy (QV), Z) — 9(Q(VyV), Z) +o(Vy (QV) — Q(VyV))w(Z) (5.40) 
A 


where 9(o,Z) = D(Z). 
Setting V = ¢ in (5.40), it yields 


a(Vy(Q0),2Z) — (QV yd). Z) + o(Vy(Qd) — (QVyO)w(Z) (5.41) 
A U 
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By using (2.5) and (2.10) in (5.41), it gives 


SU, Z)[1— BQ] = (m—I)[gU, Z) + w(U)D(Z)] (5.42) 


Applying U — J and Z —> Z in (5.42), then using relation (2.1), (2.3) and (2.12), we 


lead to 
[1 — B(Q)|S(U, Z) + (m — 1)[1 — B(Q)Jw(U)w(Z) = (m — 1)[9(U, Z) + w(U)w(Z)], 


which is of the form 


S(U,Z) = pg (U, Z) + vw(U)w(Z), (5.43) 
where 1. = ane and vy = oo. provided, 1— B(¢) # 0. Thus, we state the 


following theorem: 
Theorem 5.1. A weakly p-RS (LP-K)m is an w-Einstein manifold. 


6. (LP-K)m ADMITTING w-PARALLEL RICCI TENSOR 


Definition 6.1. The Ricci tensor of an (LP-K)m, is said to be w-parallel if it satisfies 
(V yS)(~V, eZ) =0, (6.44) 
for all vector fields U, V,Z on (LP-K)m. 


Let the Ricci tensor of an (LP-K),,, be w-parallel, therefore (6.44) holds. By the covariant 


differentiation of S(yV, ~Z) along U, we have 


(VyS)(~V,¢Z) = Vy(S(eV,¢Z)) — S(Vyy)V, 2) 


which by virtue of (2.12) takes the form 


(VyS)(~V,~Z) = (VyS)(V,Z) +S(VyV,Z) + S(V, VyZ) 
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In view of (2.4), (2.6), and the foregoing equation turns to 


(VyS)(eV, 2) = (VyS)(V,Z) - (n- 1)g9(U, V)w(Z) 


— (n—1)gU, Z)w(V) + SU, Z)w(V) + S(U, V)w(Z), 


which by virtue of (6.44) gives 


(VyS)(V,Z) = (n—I[g(U, V)w(Z) + g(U, Z)w(V)] (6.45) 


Let {l,, lo, d3....... ,L,,} be the orthonormal basis of the tangent space at every point of (LP- 
K)m. Now setting V = Z = I, as well as proceeding for sum from i = 1 to m in equation 


(6.45), it provides 


Yoa(VyS)il) = m-) > lalgU,l)90. 0 + 9(U,b)90, 0) (6.46) 
i=1 i=1 
~~ S- eilg(QU, 1) g(li, 6) + 9(QU, Lgl, Me 
i=1 


where €; = g(e1,e:). From (6.46) it follows that 
dr(U) =0. (6.47) 


Thus, we conclude that dr = 0, i.e., r is constant and it is given by r = m(m—1). Moreover, 
since S(U, V) = g(QU, V), then we obtain 
VulQ? =25- cig((VyQ)ei, Qei). (6.48) 
i=1 


By using (6.45) in above equation, we find 


VylQl = » > cig ((VyQ)ei, Qei) = 0. (6.49) 
i=1 
This implies that 
|Q\? = constant, (6.50) 


where Q is the Ricci operator. Hence, the relations (6.47) and (6.50) lead to the following 


result: 


Theorem 6.1. The scalar curvature of an (LP-K)ms3 with the w-parallel Ricci tensor is 


constant. Moreover, the norm of the Ricci operator is also constant. 
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7. ILLUSTRATION 
We take a 3-dimensional smooth manifold M? = {(u,v, w) € R® : w > 0)}, where (u, v, w) 
denotes the basic coordinates on a 3-dimensional real space R*. Consider the vector fields 


{1,,1,,15}, which is linearly independent on M? and defined as 
0 


au 


f) 
a = ‘@ 


0 
1, = (sinhw + coshw)—, 1, = (sinhw + coshw) 


Ou 


We define the Lorentz metric g on M?° as: 


—1 forp=q=38, 
Ipq = g(l,,1,) = 40 for p # q, 
1 p=q=1,2. 


Assume w be a 1-form corresponding to the Lorentz metric g such that 
w(U) = g(U, 13) 


for any U € X(M?3), where X(M°), denotes the collection of all smooth vector fields on M?. 


We define vy as follows 
eli)=h, oh) =h, 9y) =0. 


Since y and g have linear nature, so it can be easily proved the following results: 
w(l3) +1=0, y’(U) —U—w(U)h = 0, g(eU, pV) — g(U, V) — w(U)w(V) = 0 


for all U,V € X(M°). This implies that for 1, = ¢, the structure (y,¢,w,g) defines a 
Lorentzian paracontact structure and (M?,y,¢,w,g) is a Lorentzian paracontact manifold 
of dimension 3. The non-zero constituents of the Lie bracket are given as 

ep — 1, 2, 


lls, 1] = 
0, otherwise. 


The well-known Koszul’s formula provides 


—ls,p =q>= Le 2, 
Vi —L,,p = 1,2,¢=8, 
0, otherwise. 
From the above equations, it can be easily verified that Vyl, = —{U + w(U)ls} and 


(Vye)V = —g(pU, V)¢ — w(V)yU holds for each U,V € ¥(M°). Hence the Lorentzian 
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paracontact manifold is an (LP-K)3. From the above equations, the non-zero constituents of 


R are evaluated as follows 


Thus we have 


RU, V)Z = —g(U, Z)V + g(V, Z)U, (7.51) 


which is a space of constant curvature 1. 
The matrix representation of S is given by 

2) 

Ss=|0.2) | 

lo 0 ~2| 
Thus we find r = 6. From it follows that S(U, V) = 2g(U,V) = > QU = 2U, which 
implies that ¢*((VyQ)U) = 0. As we see that M?° is y-RS with the scalar curvature 6. 
Thus this illustration proves Theorem 4.1. Since M°® is y-RS and Einstein, this illustration 
also admits Theorem 3.4 for three dimensional case. 
Acknowledgments. The authors would like to thank the referees for some useful comments 
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ABSTRACT. The aim of this work is to find the existence/non-existence of Yamabe solitons 
and gradient Yamabe solitons of Sol3 space with left-invariant Riemannian and Lorentzian 
metric. We show that there exists an expanding Yamabe soliton and a gradient Yamabe 
soliton with a constant potential function on Sol3 space. 

Keywords: Solvable Lie group, Yamabe soliton, gradient Yamabe soliton, Riemannian 
metric, Lorentzian metric, left-invariant metric. 
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1. INTRODUCTION 


Thurston gave a classification of 3-dimensional homogeneous manifolds into eight 
model spaces, which are real space forms having groups of isometries of dimension 6, S? x R, 
H? x R, Nilg the Heisenberg group, the universal covering SIR of SL2R having a group 
of isometries of dimension 4, and Solg3 space with a group of isometries of dimension 3. The 
Sol3 space is a simply connected homogeneous 3-dimensional manifold having the smallest 
number of isometries. The Poincaré conjecture is a special case of the Thurston conjecture, 
which states that every compact orientable 3-manifold has a canonical decomposition into 
pieces that each have one of the eight types of geometric structures. In the last three decades, 
there have been extensive studies to understand this problem; however, the most important 
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* Corresponding author 


Savita Rani © mansavi.14@gmail.com ¢ https://orcid.org/0000-0002-1861-8963 


Ram Shankar Gupta © ramshankar.gupta@gmail.com © https://orcid.org/0000-0003-0985-3280. 
45 


46 S. RANI AND R. 5S. GUPTA 


efforts are due to R. Hamilton [5]. G. Perelman gave a proof of the Thurston conjecture 
using Ricci flow. Henceforth, this technique attracted the attention of researchers to study 
problems in homogeneous spaces. Although most of the investigation has been done in the 
case of the Riemannian setting using the Ricci flow technique (see [9} and references 
therein). However, in the Lorentzian setting, it has been studied in the last decade (see 
[7|). Yamabe flows are well-posed in the Riemannian setting, which may not be true in 
the Lorentzian case due to the non-existence of short-time solutions in general because of the 
lack of parabolicity. In this paper, we study Yamabe soliton and gradient Yamabe soliton on 
Sol3 space with left-invariant Riemannian and Lorentzian metrics. 


A Yamabe soliton on a complete Riemannian manifold satisfies [5]: 
1 
xhv9 =(v—r)g, (1.1) 


where Ly is the Lie-derivative along the smooth potential field V, g is the Riemannian metric, 
vy areal scalar, and r is the scalar curvature of g. Also, Yamabe solitons serve as solutions 
of the Yamabe flow of Hamilton [5], which develops along the symmetries of the flow. The 
soliton is steady, shrinking or expanding if vy = 0, > 0, or < 0, respectively. If V = grad F 
for some real-valued function F € C%°(M), then it is called the gradient Yamabe soliton. 
On a smooth Riemannian manifold (MM, go), the evolution of the metric go in time t to 


g = g(t) through the equation 


0 


=_=_l 5 0) —< 5 
ast rg, 9(0) = 90 


is known as the Yamabe flow [5]. Yamabe flow is significant as it is a natural geometric 
deformation to metrics of constant scalar curvature. In mathematical physics, Yamabe flow 
corresponds to the fast diffusion case of the porous medium equation (the plasma equation). 
A Yamabe soliton is a special solution of the Yamabe flow. If V is Killing, then Yamabe 
soliton is called trivial Yamabe soliton. 

In 2012, Calvino-Louzao et al. gave a geometric characterization of Yamabe solitons on 
three-dimensional homogeneous Lorentzian manifolds. In 2013, Daskalopoulos and Sesum 
[4] classified the locally conformally flat gradient Yamabe solitons with positive sectional 
curvature. In 2017, Neto and Tenenblat [6] investigated gradient Yamabe solitons, conformal 
to an n—dimensional pseudo-Euclidean space. Recently, Shaikh et al. examined a 
gradient Yamabe soliton with some additional conditions and proved that it must be of 


constant scalar curvature. 
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The article is organised as follows: In Section 2, we recall the group structure, connection, 
and curvature of the Sol3 group. In Section 3, we investigate Yamabe and gradient Yamabe 
solitons on Solg3 space with the Riemannian metric. In Section 4, we examine Yamabe and 


gradient Yamabe solitons on Sol3 space with the Lorentzian metric. 


2. PRELIMINARIES 


In this section we recall some basic facts on Sols given in [I]. 


The Sol3 space is defined as a group of 3 x 3 matrices 


e”* 0 « 
0 e* y ’ 
0 O 


with the group structure given by 
(os y’, z') * (z; Yy; z) = (ex + x’, ey + y, z+ 2), 


where (z, y, z) € R®. 
We denote by V and R& the Levi-Civita connection and the Riemann curvature tensor of 


(Sols, g), respectively, such that R is given by 
R(X, Y)Z = VxVvZ - Vv Vx2 -VixwZ, 


and by Ric the Ricci tensor of (Sol3, g), which is defined by 


3 
Ric( Xx, ¥) =S>a( Ex, Ex)g (R( Ex, X)Y, Ex), 
R=1 


where { Fj, },=1,....3 is an orthonormal basis. 


3. YAMABE AND GRADIENT YAMABE SOLITONS ON Sol3 SPACE WITH RIEMANNIAN 


METRIC 


In this section, we examine the existence of Yamabe and gradient Yamabe solitons on a 
three-dimensional solvable Lie group (Sol3,g) with the Riemannian metric. 


We consider Sol3 space with a left-invariant Riemannian metric 


g = edz? + e 7 dy” + dz’, (3.2) 
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with a left-invariant orthonormal frame { F, Eo, E3} given by 


0 0 0 


By =e *—, lp =e—, F3 = —, 3.3 
i=? Oe °° Oy Ce ee) 
where (2, y,z) € R®. 
The non-vanishing Lie brackets are 
[E,, E3] = Fi, |Fo, E3] = —E. (3.4) 
Using (3.2), (3.3), and (3.4), the Levi-Civita connection V is given by 
—-E; 0 Fy 
(Ve,Ej)=|] 0 Es; —-E)], (3.5) 
0 0 0 
where 2, j = 1,2,3. 
The non-vanishing components of Riemann curvature tensor and Ricci tensor are 
R(E}, £2) Ey _ —E» = R(£o, £3) E3, R(E;, E3)E; = Ee. for j = 1,2, ( 
3.6 
R(f,, E3)E3 = —F,, RUE), E2) Eo = Fy, S(B3, E3) = —2. 
The scalar curvature r of the Riemannian Solg Lie group is 
3 
r=) 0 g(Ei, Ei)S(E;, Bi) = —2. (3.7) 
i=1 
Let 
V=fifit foko + fsks, (3.8) 


be an arbitrary potential vector field on (Sols, g), where f;, f2 and fz are smooth functions 
of x, y and z. We denote the coordinate basis {Z, i 2} by {0z, Oy, 0.}. 


Now, we have 


Theorem 3.1. The Solg space with a left-invariant Riemannian metric given by sat- 


isfies a Yamabe soliton equation 
Lyg = 2(-2-r)g, 
with 
V = (a1 — 642)0z + (a2 + day) Oy + 6402, 


where a1, a2, 64 € R. Moreover, the left-invariant Riemannian metric is an expanding 


Yamabe soliton. 
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Proof. In view of and (3.8), we have 
(Lvg)(Fi, Fi) = 2(fs +e Oz fi), (Lv g)(Fi, Be) = e-* Oz fo + €* Oy fi, 
(Lyg)(Fi, Es) = e702 fg — fi + Oefi, (Ly g)(E2, Ee) = —2( fz — e7 Oy fa), (3.9) 
(Lyg) (Eo, E3) = e*Oyf3 + fo + Ozf2, (Lvg) (Es, E3) = 202 fs. 


Thus, by using (3.2), (3.7), and (3.9) in (1.4), we find that (Sol3,g) is a Yamabe soliton if 


and only if the following system of equations holds: 


fate *Onf, =v +2, (3.10) 
@ O,jr 6 O,fi1=0, (3.11) 
@ "Ond3— fi +0.f1 =0, (3.12) 
—fat+e*Oyfo=v +2, (Sala) 
e* Oy fs + fo + On fo =0, (3.14) 
A, fg =v +2. (3.15) 
From (3.15), we get 
fg = (v+2)z+ F(2,y), (3.16) 


where F = F(z, y) is a real-valued smooth function on R?. 


From (3.10), we obtain 
On fi =e? ((v + 2) — (v + 2)z— F). (3.17) 
Differentiating (3.17) with respect to z, we get 


0:02 fi = —e* ((v + 2)z4+ F). (3.18) 


Differentiating (3.12) with respect to x, and using (3.16), (3.17), and (3.18) therein we 


find vy = —2 and 
OF =0. (3.19) 
Further, gives 
Oy fo =e*((v+ 2) + (V4 2)z4+ F). (3.20) 
Differentiating with respect to z, we obtain 


0,0yf2 = —e 7 ((v+ 2)z+ F). (3.21) 
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Next, differentiating (3.14) with respect to y and therein using (3.16), (3.20), and (3.21), 


we find vy = —2 and 
27 
OF =0. 
From (3.16), (3.19), and (3.22), we derive that 


fg = F(a, y) = bu + day + d3xzy + Oa, 


where 6; € R. 
From (3.10) and (3.23), we get 
6,2? d3yxr7 
fi os e*( S dory ~ 512) T(y, 2), 


where T is a smooth function. 


From (3.13) and (3.23), we obtain 
2 


6. d3ry" 
fo=e* (diay 4 > > + day) + 1(2,2), 


where J is a smooth function. 


Using (3.24) and (3.25) in (3.11), we get 


6327 


(car +e (bn) + (erate (et BY) 2 


Since (3.26) holds for all values of z, therefore, it implies that 


63y7 6327 


eOyT + e* (oy + a) =, €76,l=e" (522 + ) = 0. 


2 2 


By integration (3.27) gives 


2 3 
T= en (aw a ) T(z), rae" 


where T and J are smooth functions. So, 


fi= —e (Se + dgxy + Sayer + 512) — eo (ye + ay” +T(z), 


2 2 = 
a= e*(Sity + By + Se 4 ay) + 3 (2e" 4 fae) + T(z), 


Now putting the values of f; and f3 in (3.12), we obtain 


Sy? dgy2\ a : 
e~* (6, + d3y) + 4e~*( > as 7 ) T(z) + T(z) =0. 


Since (3.30) holds for all z, therefore, it gives that 6, = 63 = 0, and 


_ Zz 
T= ayje’," 


where a; € R. 


(3.22) 


(3.23) 


(3.24) 


(3.25) 


(3.26) 


(3.27) 


(3.28) 


(3.29) 


(3.30) 


INT. J. MAPS MATH. (2024) 7(1):45-57 / YAMABE SOLITONS ON Sol3 SPACE 51 


Putting the values of fz and f3 in (3.14), we find 


2 3 
e* (5p + 53x) 4 ge ("2 ! ) +1(2) + Me) =0. (3.31) 


Since (3.31) holds for all z, therefore, it implies that 62 = 63 = 0, and 
I=aye*, 


where a2 € R. 


Hence, the solution of the system of equations (3.10)~(3.15) is given by 
fi = (a1 — dgr)e*, fo=(agtdayje*, fs =a, (3.32) 


where ay, @2, 64 € R. 
Hence, the Riemannian three-dimensional Lie group Sol3 admits an expanding Yamabe 


soliton for appropriate vector fields given by (3.32). 


Theorem 3.2. The Sols space with a left-invariant Riemannian metric given by sat- 


isfies a gradient Yamabe soliton equation 
Lgrad FG — 2(—2 = r)g, 
where the potential function F is constant. 


Proof. Let V = grad F be an arbitrary gradient vector field on (Sol3,g) with potential 


function F’. Then V is given by 
grad F = eA, F Oy + e* OyF Oy + O2F Oz. 


From (3.32), we see that (Sol3,g) is a gradient Yamabe soliton if and only if the potential 


function F’ satisfies the following systems: 


d,F = e* (a, — 642), (3.33) 
bf = e77(ag + 64y), (3.34) 
O,F = 64. (3.35) 


Differentiating (3.33) with respect to z and (3.35) with respect to x, and equating them 


we obtain 


2e?* (ay — 64x) = 0, (3.36) 
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which gives aj = 0 and 64 = 0. Further, taking the derivative of (3.34) with respect to z and 


(3.35) with respect to y and equating them we get 


2e~** (ag + day) = 0, (3.37) 


which gives ag = 0 and 64 = 0. So, F = constant. Hence the result. 


4. YAMABE AND GRADIENT YAMABE SOLITONS ON Sol3 SPACE WITH LORENTZIAN 


METRIC 


In this section, we examine the existence of Yamabe and gradient Yamabe solitons on a 
three-dimensional solvable Lie group with the Lorentzian metric. 


We consider Sol3 space with a left-invariant Lorentzian metric 
g= ede Se hy? de, (4.38) 


with a left-invariant orthonormal frame { F, Eo, E3} given by 


O O 0 
Ey =e *—, ky =e’ —, Eg = — 4.39 
1 € on 9 2 € ay » 3 az ’ ( ) 
where (2, y,z) € R°. 
The non-vanishing Lie brackets are 
[#1 Bs] = Fy, [Bo Bs] = —Ep. (4.40) 
Using (4.38), (4.39), and (4.40) the Levi-Civita connection is given by 
—E3; 0 Ey 
(Viz, £;) = 0 — Bs —E, |, (4.41) 
0 0 0 
where 2, j = 1,2,3. 
The non-vanishing components of Riemann curvature tensor and Ricci tensor are 
RE), Ej) E; = —Ey, forj = 2,3, RUE), By) By, = —Ey = R( Eo, Es) Bs, (4.42) 
4.42 
R(f,, E3) EF, = E3 = —R( Fp, E3) Fo, S(E3, E3) = —2. 
The scalar curvature r of the Lorentzian Sol3 Lie group is 
3 
r=) ° 9( Ei, Ei)S(E;, Ei) = -2. (4.43) 
i=1 


Now, we have 
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Theorem 4.1. The Sols space with a left-invariant Lorentzian metric given by satis- 


fies a Yamabe soliton equation 
Lyg = 2(-2—r)g, 
with 
V = (61 — yx) Oz + (B2 + yay) Oy + 7482, 


where 1, G2, ya € R. Moreover, the left-invariant Lorentzian metric is an expanding 


Yamabe soliton. 


Proof. In view of (3.8) and (4.38), we have 


(Lvg)(Fi, Fi) = 2(fs +e*Or fi), (Lvg)(Fi, Be) = —e *Oz fo + e* Oy fi, 
(Lyg)(fi, £3) = e-*Orf3 — fi + Ozfi, (Lvg)(Ee, Ee) = 2(f3 — e7 Oy fo), (4.44) 
(Ly g) (Eo, E3) = e* Oy fs — fo — Oz f2, (Lvg)( Es, E3) = 20; fs. 


Thus, by using (4.38), (4.43), and (4.44) in (i-4), we find that (Sols, g) is a Yamabe soliton 


if and only if the following system of equations holds, 


fs +e *Onfi =v +2, (4.45) 
—e “Oz fo + e* Oy fi = 0, (4.46) 
e *Orf3 — fit Ozfi = 0, (4.47) 
= e* Oy f = —-y—2, (4.48) 
e’ Oy fg — fo — Oz fo = 0, (4.49) 
0.f3 =v +2. (4.50) 
From (4.50), we get 
fa =(v + 2)2 + H(e,y), (4.51) 


where H = H(z,y) is a real-valued smooth function on R?. 


Using (4.51) in (4.48), we obtain 


Oy fo =e *((Vv+2) + (v+2)z4+ A). (4.52) 


Differentiating (4.52) with respect to z, we get 


0,0yf2 = —e-*((v + 2)z4+ H). (4.53) 
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Further, diferentiating (4.49) with respect to y and using (4.51)~(4.53), we find that 
y = —2 and 


On = 0. (4.54) 
On the other hand, using in (4.45), we obtain 
On fi =e ((v + 2) — (v + 2)z— 4H). (4.55) 
Differentiating with respect to z, we get 
0,0, f, = —e*? ((v + 2)z+ H). (4.56) 


Further, differentiating (4 with respect to x and using (4.51), 4.51), (4.55), and (4.56), we 


find that v = —2 and 


2H = 0. (4.57) 
From (4.51] , and (4.57), we derive that 
fg = H(z,y) =n" + yay + ty +14, (4.58) 
where 7; € R. 
From and (4.58), we get 
fi = -e (eee + yxy ei _ 40) + K(y, z), (4.59) 
where K is a smooth function. 
From and (4.58), we obtain 
fo=e* (ney | ak + cd + vay) + L(x, z), (4.60) 


where L is a smooth function. 


Using (4.59) and (4.60) in , we get 


ra —-e the + - )) - (c-*Oek + e# Gx + =) =0. (4.61) 


Since (4.61) holds for all values of z, therefore, it implies that 
e?O,K —e-™* (yy + TBH) = =0, e*d,b+e*(ye+ ey) =0. (4.62) 


By integration (4.62) gives 


3 


2 2 3 _ 
Re ee = a) +K(z), Doe (2 4 BP) + 72), (4.63) 
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where K and L are smooth functions. So, from (4.59) and (4.60), we get 


2 onus 2 3 = 
fi= - (a Aaya 40) at ee (ue + ay) + K(z), 


2 2 2 3 = 
e =e*(may + ae 4 vay) Se (aa" 4 a2") 4 T(z). 


Now, putting the values of f; and f3 in (4.47), we obtain 


2 3 = 
e* (1 + 73y) _ 4e~% (Te " = ) K(z) + K'(z) — (0. 


Since (4.65) holds for all z, therefore, it gives that y, = 73 = 0, and 
K = Bye, 
where 3; € R. 


Putting the values of f2 and f3 in (4.49), we find 


2 3 7 
e? (yo +732) + 4e%* ee + 2s E(z) — D(z) =0. 
Q) ¥. 2 6 


Since (4.66) holds for all z, therefore, it implies that y2 = 73 = 0, and 
Le Boe *, 


where 62 € R. 


Hence, the solution of the system of equations (4.45)~(4.50) is given by 
fi=(8i-yare*, fe=(B_+yyje*, fs=, 


where $1, 82, 74 € R. 
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(4.64) 


(4.65) 


(4.66) 


(4.67) 


Hence Lorentzian three-dimensional Lie group Solg admits an expanding Yamabe soliton 


for appropriate vector fields given by (4.67). 


Theorem 4.2. The Sols space with a left-invariant Lorentzian metric given by satis- 


fies a gradient Yamabe soliton equation 
Lgrad FG = 2(—2 ~~ r)g; 


where the potential function F' is constant. 


Proof. Let V = grad F be an arbitrary gradient vector field on (Sol3,g) with potential 


function Ff’. Then V is given by 


grad F = e *0, F 0, + e”* 0, F Oy + OF Oz. 
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From (4.67), we see that (Sol3,g) is a gradient Yamabe soliton if and only if the potential 


function F' satisfies the following systems: 


d,F = e7*(6,—-y2), (4.68) 
OyF = e~**(Bo+4y), (4.69) 
OF = 4. (4.70) 


Differentiating (4.68) with respect to z and (4.70) with respect to x, and equating them 


we obtain 
2e?* (6, — yar) = 0, (4.71) 


which gives 6, = 0 and y4 = 0. Further, taking the derivative of (4.69) with respect to z and 


(4.70) with respect to y and equating them we get 


2e~ (Bo + yay) = 0, (4.72) 


which gives 82 = 0 and y4 = 0. So, F’' = constant. Hence the result. 
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ABSTRACT. In the current research, we quantify the almost generalized Ricci soliton (AGRS) 
on the trans-para-Sasakian manifold ([PS-manifold) as well as the gradient almost gener- 
alized Ricci soliton (GAGRS). Trans-para Sasakian manifolds that meet certain criteria are 
also required to be Einstein manifolds. It is demonstrated that the almost generalized Ricci 
soliton equation is also satisfied by some manifolds, notably G-para-Kenmotsu manifolds, a- 
para-Sasakian. The fact that a compact trans-para-Sasakian admits both a convex Einstein 
potential with non-negative scalar curvature and a gradient almost generalized Ricci soliton 
with Hodge-de Rham potential has also been covered. Finally, we furnished an example 
which illustrates our finding. 
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1. INTRODUCTION 


The most important geometrical tool to explain the geometric structures in Riemannian 
geometry (semi-Riemannian) over the last two decades has been the theory of geometric 
flows. Since they arise as potential models of discontinuities, the study of discontinuities 
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(singularities) of the flows involves a special class of solutions where the metric changes 
via dilations and diffeomorphisms. They are often called soliton solutions. In 1982, R. 5S. 
Hamilton developed the idea of Ricci flow such that 

Og _ 


aE —2Spic(g). (1.1) 


On a Riemannian manifold (M,g), a Ricci soliton struture (g, V, 4) can be expressed by 


1 
Sric + 309 + Ag = 0, (1,2) 


here £¢ is the Lie derivative along the vector field 0, A is a scalar, and S,j;,. is the Ricci tensor. 
Ricci soliton is defined as A < 0, A = 0, and A > 0, respectively. It can also be described as 
expanding, stable, or shrinking. 

Equation takes on the form of a gradient Ricci soliton if the vector field 6 = grad(w), 


where w is potential function on manifold. 


Hess = Sic + Ag. (1.3) 


Pigola et al. argue that if we consider A € C™(M), sometimes referred to as a soliton 


function, so we could assert that (IW, g) is almost generalized Ricci solitons (AGRS). 


Plenty of mathematicians are drawn to this idea. Therefore, how self-similar solutions 
are categorized to Ricci flows has received a lot of attention in recent years.This problem 
has significant practical implications in fields such as thermodynamics, control theory, op- 
tics, mechanics, phase space of dynamical systems, and many other departments of pure 
mathematics. 

Ricci solitons are significant because they are both logical generalizations of Einstein met- 
rics. A few generalizations, for example quasi-Einstein manifolds [4], generalized quasi- 
Einstein manifolds and gradient Ricci solitons [8], are crucial in the solutions of some 


manifolds have their local structure derived from Ricci flows. 


Overarching in reference [19], Nurowski and Randall initially defined Ricci soliton as a 


kind of over determined framework for equations. 


| 
5209 — PSric — Ng + alt @U = 0, (1.4) 
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where U/? denotes the canonical 1-from and a,b are real constants . 


If U = Vw , where w € C™(M), (M, Q) is referred to as a gradient almost generalized 
Ricci soliton (GAGRS) in that case. As a result, (1.4) becomes 


V7 — 20S ric — 2Ag + 2alt* @ Ut = 0. (1.5) 


However, Kaneyuki and Konzai started researching an almost para-contact structure on 
semi-Riemannian manifolds [12]. Zamkovoy has done extensive research on para contact 
metric manifolds [85]. Furthermore, trans-para-Sasakian manifold geometry was given by 
Zamkovoy in 2019 [B87]. Siddiqi also has investigated lightlike hypersurfaces and null 
hypersurfaces of trans-para-Sasakian manifold [26]. 

Structures that are an almost contact manifold M are known as trans-Sasakian structures 
[20], if MZ x R, the product manifolds, are members of class W4 [9]. Marrero and Chinea are 
fully characterized trans-Sasakian structures of type (a, 3) in 

The trans-para-Sasakian manifolds are seen by Zamkovoy in as an analogy of the 
trans-Sasakian manifolds. A trans-para-Sasakian structure of type (a,3), where a and 6B 
are smooth functions, is called a trans-para-Sasakian manifold [28]. The manifolds of type 
(a, 8) that are trans-para-Sasakian are the para-Sasakian manifolds in the case of a = 1, 
the para-Kenmostu manifolds in the case of 3 = 1 [37], and the para-cosympletic manifolds 
(a = 8 =0) [13]. 

During last two decades, many geometers exclusively studied the Ricci solitons and an 
extension of Ricci solitons namely, 7-Ricci solitons on different manifolds such as Rie- 
mannian manifold [22], Kenmotsu manifold [18], AK-contact manifolds and (k, 2)-contact 
manifolds and trans-Sasakian manifolds [31]. Following Siddiqi [25], who also discussed 
generalized Ricci soliton. Mekki and Cherif studied another generic concept known as gener- 
alized Ricci soliton on Sasakian manifolds [17]. In this research note, we studied the almost 
generalized Ricci soliton and almost gradient generalized Ricci soliton in trans-para-Sasakian 


manifolds as a result of the aforementioned sources and comments. 


2. PRELIMINARIES 


If a (2n + 1)-dimensional smooth manifold © admits a vector field ¢, a 1-form y, and 


a tensor field ® of type (1,1), and a pseudo-Riemannian metric g then it has an almost 
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paracontact structure (®,¢,y,g) such that 


®p=p—ry(p)6, O(¢)=0, yo@=0, y(Q)=1. (2.6) 


The definition of almost paracontact structure immediately leads to the rank 2n of the 


endomorphism ®. 


g(®p, ®g) = —g(p, a) + Y(p)Y(4), (2.7) 


then g is said to be compatible with signature (n + 1,n) and © has an almost paracontact 
metric structure. 
Observe that when q = ¢ is set, y(p) = g(p,¢). Moreover, a compatible metric admits any 


almost paracontact structure. If 


g(p, &q) = dy(p, q), 


where dy(p,q) = $(py(q) — qy(p) — 7([p,q]), then y is a paracontact form and the almost 


paracontact metric manifold (0, ®,y,¢,g) is defined as a paracontact metric manifold. 


(2n+1) 


An almost paracomplex structure on the product O x R easily arises from a paracon- 


tact structure ona Q2"+1), The provided paracontact metric manifold is called para-Sasakian 
if this almost paracomplex structure is integrable. Comparably, a paracontact metric mani- 


fold is a para-Sasakian if and only if (see [36]). 


(Vp®)q = —9(p,a)6 + Y(4)P, (2.8) 


the manifold (0, ®,¢, 7, g) of dimension (2n + 1) is said to be trans-para-Sasakian manifolds 
(TPS-manifolds) if and only if 


(Vp®)Y = a(—g(p,4)¢ + 1(Q)p) + Blg(p, ®a)¢ + (Gq) 2p), (2.9) 
from (2.9), we also have 
Vp = —abp — B(p — (p)¢). (2.10) 
The gradient of a smooth function w~ on © is defined as follows 
g(grady, p) = p(w). (2.11) 
The definition of ~’s Hessian is 


(HessV)(p,q) = g(Vpgrad¥, q), (2.12) 
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where p,q € (TO). 


We defined p € I(T). U4 ET (TO) by 
U*(q) = g(p,4)- (2.13) 
The AGRS equation in Riemannian manifold © is given by 
Log = —2alt* OU! + 2S ric + 2AQ, (2.14) 
where p € [(TO) and the Lie-derivative is defined as 
(£69)(4,t) = g(Va0, t) + g(V29, @) (2.15) 


where g,t € [(TO). Equation (1.4), furthermore, is refers to an expansion of 


1) Ifa=b=A =0, then Killing’s equation. 


2) Ifa=b=0, then equation for homotheties. 


If a=1,b = —4, then Einstein-Weyl geometry. 


n—2? 


4 


(1) 
(2) 
(3) Ifa =0,b=—1,then Ricci soliton. 
(4) 
(5) 


Ifa=1,b= <A = 0, then we have metric projective structures with skew- 
symmetric Ricci tensor in projective class. 


(6) Tae= 1b = 5 then we have Vacuum near-horzion geometry equation ( for more 


details see [7], [8], [11], (14). 


A generalization of Einstein manifolds [5] is given by equation (1.4). Observe that the 
gradient AGRS equation is provided by: if p = gradw, where ~, A € C™(0) 


Hess + adf © df = Sic + Ag. (2.16) 


3. GRADIENT ALMOST GENERALIZED RICCI SOLITON ON TRANS PARA SASAKIAN 


MANIFOLDS 


The following relations hold in a (2n + 1)-dimensional TPS manifold © [37]: 


R(p, q)¢ = —(a? + B)[y(a)p — y(p)q] — 2aB[y(q)&p — y(p) &q] (3.17) 
+[(qa) ®p — (pa) bq + (q8)®7p — (pB)®7q]. 
Srie(p, ¢) = [(—2n(a? + B?) — (CB) y(p) + ((@p)a) + (n — 2)(p8), (3.18) 


Q¢ = —2n(a* + 6) — (¢8))¢ + ®(grada) — (n — 2)(gradp), (3.19) 
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where Q is the Ricci operator provided by S,ic(p, q) = g(Qp, q), and ¥ is the curvature tensor. 


Furthermore, we have a TPS manifold 
®(grada) = —(2n — 1)(gradp), (3.20) 


2a8 — (Ca) =0. (3.21) 


Lemma follows from combining (3.17) and (3.21) for constants a and {. 


Lemma 3.1. Let (02"+), 6, 7,C¢,g) be a TPS-manifold. Then we have 


Rip, a6 = —(a” + B*)[y(a)p — r(v)al, (3.22) 
R(G, g)t = —(a? + B*)[g(a, t)¢ — r(é)al, (3.23) 
Sric(p,¢) = —2n(a* + 8?) 7(p), (3.24) 
(Vp7)4 = ag(p, 2a) — B(g(p, 9) — VP) 1(9)), (3.25) 
Q¢ = —[2n(a? + B)I¢, (3.26) 


where for all p,q,t € T(O). 


Example 3.1. Let (x,y,z) be the Cartesian coordinates in R°. Assume a 3-dimensional 
manifold © = {(x,y,z) € R°|z 4 0}. Let the linearly independent vector fields €), €o,€3 are 


linearly independent at each point of © defined as 


0 O a) a) 
&=e(a +57), &&="—, €&= —. 


Let g be the pseudo-Riemannian metric defined by 
9(E1,€1) = —9(E€2, E2) = g(Es,€3) =1,  g(E1, €2) = g(E2, €3) = g(Es, €1) = 0. 


Moreover, the 1-form ¥ is given by ¢ = €3 and 7(p) = g(p,€3). Let ® be the (1,1) tensor 
field defined by 
®(€,) = €, O(€2) =€, (€3) = 0, 
for any vector field p on ©. Using the linearity of ® and g, we then obtain y(&3) = 1, 


op =p—(p)¢, with ¢ = €3. 
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Moreover, for all vector fields p and q on ©, we have 


g(®p, gq) = —g(p, g) + Y(P)Y(q). 


Therefore, in R°, the structure (®, ¢,7,g) defines a paracontact structure for €3 = ¢ [B6). Let 
RR be the curvature tensor of g and V be the Levi-Civita connection with respect to metric 


g. Next, we have 
[E1, €2] = ye*Eq — e”*E3[E,,E3] = —E3 [En €3] = —Ed. 
Now, we have Koszul’s formula 
2g(Vpq, t) = pg(q,t) + ag(t, p) — tg(p, a) — g(p, (4, t]) 


—9(q, [p, t]) + g(t, [p, @])- 


Therefore, in light of above formula, we turn up 


1 1 
VeE,€1 = &3, Ve, €2 = — 56s, VeE,€3 = —€, = ao os (3:27) 


1 
Ve,6o =—ye"a: = 3, Vedi = —ye fa + ao os 


1 1 
VEC = 56" ba, Ve,b9 = se" Es, VE3€3 =0. 
The fact that (®, ¢, y, g) isa TPS-structure on @ is evident from the above. Thus, 63(®, ¢, y, 9), 


with 6 =1anda= 5?" #0, is a TPS- manifold. 


Theorem 3.1. [f 902") be aT PS-manifolds, and satisfies the AGRS with restriction 
al\ — 2nb(a? + 82)| 4-1. Then w is a constant function. In addition, if b 4 0, then © is 


an Einstein. 
Lemma 3.1] gives us the following observations: 


Corollary 3.1. If 92"*)) be a TPS-manifolds, and satisfies the AGRS Hessw) + Sic = Ag, 


then w is a constant function and © is an Einstein. 


Corollary 3.2. In a TPS-manifolds ©, there is no non-constant smooth function w, such 


that Hessw = Ag, for some constant A. 


We must first show the following lemmas in order to proceed with the proof of the Theorem 


(J). 
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Lemma 3.2. Let O be a TPS-manifold. Then we have 


(Le(Lpg)) (4,6) = —(a? + B*)g(p, a) + 9(VcVep, 9) + a9(Vep, 6), (3.28) 


where p,q € T(TO) and q is orthogonal to ¢. 


Proof. Based on the Lie-derivative property, we may observe that 


(Le(Lp9) (a, 0) = C((Lpg) (a 9) — (Lp9) (Lea, 6) — (Lp9) (a, £c6)- (3.29) 
Since £¢q = [¢, 4], £e¢ = [¢, ¢], by adopting (2.16) and (4.51), we have 
(L¢(Lpg)) (4,0) = Cg(Vap, 6) + Ca(Vep, a) — 9(V icp, 6) (3.30) 
—9(Vep, [¢, al) 


= Gg(VeVaP,) + 9(V ap, Ve) + 9(VeVep; @) 


+9(Vep, Veg) — 9(Vep, Veg) — 9(Vie,qP,S) + 9(Vep, VaS). 


By (1.4), we turn up V¢¢ = &¢ = 0, therefore we gain 
(Le(Lp9)) (9,0) = 9(VeV ap, 6) + 9(VeV ep, a) — 9(VicqP: S) (3.31) 
+99(Vcp, 6) — g(VaV cp, 6): 
Utilizing (4 and , we turn up 
(L¢(Lpg) (4,6) = g(R(G, a), 6) + 9(VeVep, 9g) + ag(Vep, 6). (3.32) 
When g(q,¢) = 0 is taken from (4.51), we find 


g(R(C, g)p, 6) = g(R(G,6)6, p) = (a + 8?) g(p, 4). (3.33) 


(3.29) and (4.52) provide the Lemma. 


We now have another helpful Lemma. 
Lemma 3.3. If O be a Riemannian manifold, and let wW € C(O). Then we have 


(Le(df © df))(a,0) = a(C(W) CCH) + ah) C(E(Y)) (3.34) 


where €,q € T(TO). 
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Proof. We compute 
(Lc (df © df))(a,0) = Cac) — [C, alo) — aW)IC, C1(Y) 


= C(a())C(w) + a(H)C(C()) — [6 al) C(W). 
Since [¢, ]() = ¢(a(a)) — a(C(w)), we gain 


(Le(df © df))(4,.0) = [Cl (W)C() + aC) CCH) + a )C(C(H)) — Ie, al) (W) 
= g(C(H))C(Y) + ah) C(C(w)). 


Lemma 3.4. If 02"*! be a TPS-manifold and satisfies the AGRS equation (2.16). Then 
we have 


Ve grad = [A — 2nb(a? + B)|¢ — a¢(v)grady. (3.35) 


Proof. Let q € I(T), adopting the definition of Ricci curvature S;,;- (1.4) , and the curvature 


restriction (4.51), we gain 


= 9 (R(Ei, NE, Ei) 
= —(a” + B°)[y(a)9(Ei, €) — 1Ei)9(p, Ei) 
= (a? + 67)[(2n + 1)y(@) — y(@)] 
= —2n(a? + B?)7(q) 
= ~2n(0? + 6)g(6,4), 
where {€1,&,--+ ,€;} , and 1 <i < nis an orthonormal frame of ®, indicates that 
Ag(G,4) + bSric(G, a) = Ag(¢, 4g) — 2nb(a? + 87) g(¢, 4) (3.36) 
= [A — 2nb(a? + B”)]9(¢, 4). 
In light of and (3.35), we turn up 
(Hessw)(¢,q) = —a¢(b)(q)() + [A — 2nd(a? + 8?)]9(¢, a) (3.37) 


= —aC(b)g(gradyp, q) + [A — 2nb(a? + B?)]9(¢, a). 


Accordingly, Lemma is inferred from both equation (3.35) and Hessian Definition (1.5). 


We can now establish Theorem [3.1] with the aid of Lemma [3.2| Lemma [3.3] and Lemma 
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Proof. (Proof of Theorem 3.1) Consider g € [(TO), such that g(¢,q) = 0. Lemma [3.1] gives 


us that, given X = grad y, 


2(L¢(Hess))(q,6) = av) + 9(VeVe grad, q) + ag(V¢ gradi), ¢). (3.38) 


Using equation (3.37) and Lemma [3.1] we obtain 


2(£¢(Hess))(q,¢) = aw) + [A + O(n — 1)(a? + 8")]9(Ve,9) — ag(Ve(C(W)grad ), a) 
+[A + b(n — 1)(a? + B*)]ag(¢,6) — aa((h)”). (3.39) 
Since Ve¢ = 0 and g(¢,¢) =1, in view of equation (8.38), we get 
2(L¢(Hessy))(q,¢6) = av) — aC(C(v) )a(v) — aC) g(Ve grady, q) (3.40) 
—2a¢(v)a(¢(v))- 


Given g(€,Y) = 0 and Lemma [3.1] and equation (3.39), we have 


2(£¢(Hessw))(q,6) = a) — aC(G(w))a(b) + 076 (HW)? a() (3.41) 
—2a¢()q(C(%)). 
Observe that £¢g = 0, a Killing vector filed, follows from and (1.5). This suggests that 
LS = 0, which is what the Lie derivative to the GRS equation delivers. 


gly) — aC (6(b) ay) + aC (W)?a() — 2a¢ (b)a(G()) (3.42) 
= —2aq(C())¢(H) — 2aq(h)c(C(Y)), 


is equivalent to 
g(b)[1 + aC(C(w)) + a7¢(w)"] = 0. (3.43) 
Lemma states that we have 
a(C(w)) = aCg(C, grad w) (3.44) 
=ag(¢, Ve grad) 
= afA — 2nb(a? + 8?)] — a®¢(p)?. 
In view of equations and (3.43), we gain 
q(w)[A — 2nb(a* + 8?)] = 0. (3.45) 


[A — 2nb(a? + 67)] 4 -1, 
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which indicates that gradw is parallel to ¢, and so q(w) = 0. Since D = kery is not integrable 


anywhere, grad w = 0, indicating that w is a constant function. 


Now, the following scenarios exist for specific values of a and £: 


Case 1.: For a = 0 or (8 = 1), we can state: 


Corollary 3.3. If 02"+)) be a B-para Kenmotsu (or para Kenmotsu) manifold and satisfies 
the AGRS with condition a[A — 2nbB?)| 4 —1, then w is a constant function. In 
addition, if b £0, then 92") js Einstein . 


Case 2.: For 8 =0, or (a = 1) we can state: 


Corollary 3.4. If 92"*)) be a a-para Sasakian (or para Sasakian) manifold and satisfies 
the AGRS with condition a[A—2nba?)] 4 —1, then w is a constant function. Moreover, 
if b £0, then O2"+1) is Hinstein. 


4, ALMOST GENERALIZED RICCI SOLITONS ON COMPACT TRANS PARA SASAKIAN 


MANIFOLDS 


de Rham-Hodge’s classical theorem states that harmonic forms can express the cohomology 
of an oriented closed Riemannian manifold. For an orientated compact Riemannian manifold 
with boundary, the analogous one still holds by imposing certain boundary requirements, 
including relative and absolute ones. However, these examples come from fully Riemannian 


manifolds. The following are some helpful definitions. 


Definition 4.1. A C?-function w : © —+ R is considered to be harmonic if Aw = 0. 
The function w is named subharmonic (resp. superharmonic) if A > 0 (resp. Aw < 0), 


where A is the Laplacian operator in ©. 
Definition 4.2. A function w : O — R is called convex if the following inequality holds 
wo0d(T) < (1—T)wo6(0) + Two (1), VT € (0, 1], 


for any geodesic 6 : [0,1] —+ ©. Therefore in this case w is differentiable, then w is convex 


if and only if w satisfies 


g(Vw,p) < w(e*Vw) — w(x), Vp € T,0. 
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Let p € x(O) and © be compact orientable TP.S- manifolds. Then, according to the 


Hodge-de Rham decomposition theorem, p can be stated as 
p=Vi+q, (4.46) 


where h € C(O) and div(q) = 0. The Hodge-de Rham potential is the name given to the 
function h [22]. 


Let (g,p,) be a compact AGRS on compact TPS-manifold 9, we turn up 
div(p) + 2n(2n + 1)b(a? + 6?) = nA — tr(all* @U'). (4.47) 


div(X) = Ah is implied by the Hodge-de Rham decomposition, so, using equation(4.47), we 
obtain 
2n(2n + 1)b(a? + 67) =nA— Ah —tr(alt# @U#). (4.48) 


Since O is GAGRS with potential function, we obtain 
2n(2n + 1)b(a? + 6?) =nA— Af — tr(at @U'). (4.49) 
Now, on equating and (4.49), we turn 
A(f — h) = 0. 


Consequently, although © is compact, f is a harmonic function in 0. Thus, for some constant 


c, f =h-+c. As so, we possess the following outcome. 


Theorem 4.1. Jf (g,p,A) is a compact GAGRS. If TPS- manifold © is also a GAGRS 


with potential function f, then, up to constant, f equals to the Hodge-de Rham potential. 


Theorem 4.2. Let (0,¢,y,®,g) be a complete TPS-manifold satisfying 
il 
5209 — bSric 2 Ag — all! @ ul, (4.50) 


where U®* is a canonical 1-from associated with p, a, b, and A are smooth functions, and p 
is a smooth vector field. If one of the following requirements is fulfilled and ||p|| is bounded, 
then the TPS-manifold © is compact: 

(1) A>0 anda>0,c>0, 

(2) A>c>0 anda>0, 


for a constant c > 0. 
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Proof. If z € © be a fixed point and 6 : (0, co] —> © be a geodesic such that 6(0) = p. Then 


along 6 we compute 


SG Ons=2aVne to" bean) (4.51) 


dt 
Now, from and (4.51), we have 


T 


ik T t 
- / Guth ous | A(5(t)) 91, 54)dt— / © [a(p,61)at— i; a(5(T)) (Ute!) (6, , 6) dt 


a of 
=-5 | i A(6(t))dt + 9(pxs 61 (0)) — 9(ser)s61(T)) + i: o((T) UP (6) 


i 
2 -< / A(8(t))dt + g(pr, 51(0)) — || Xs] +f a(5(T) Ue (5)a 


Cauchy-Schwarz inequality leads to the final inequality. If either of the two conditions (1) 


or (2) is true, the inequality above suggests that 


[ bSric(O1, 01)dt = 6d. (4.52) 
0 


Hence by Ambrose’s Compactness Theorem [1] implies that T’PS-manifold © is compact. 


5. GRADIENT ALMOST GENERALIZED RICCI SOLITON ON COMPACT TRANS PARA 


SASAKIAN MANIFOLDS 


In this segment, we discuss some results based on gradient almost generalized Ricci 


solitonon compact trans-para Sasakian manifold n > 2. Next, we articulate the following. 


Theorem 5.1. IF (0, ®,7,¢,g) be a compact TPS-manifold with constant scalar curva- 
ture and © admits a non-trivial conformal vector field p. If LpSric = pg for some p € C(O), 


then © is isometric to the Euclidean sphere S”. 
Hence, from Theorem (5.1) we can also state the next theorem: 


Theorem 5.2. Let (0,®,¢,y,g) be a compact GAGRS with Einstein potential f. If Vf is 
non-trivial conformal vector field, then TPS-manifold O is isometric to the Euclidean sphere 


S”. 
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Proof. Let (9,g) be a GAGRS. Then from (1.4) we deduce 
V2f — dS rice = Ag — alt? @ul. 


For each wy € C(O), Vf — vg, if Vf is a conformal vector field. The equation above now 
takes the form 

bSric = (W — A)g — alt? @U*. (5.53) 
As a result, S;;. is only dependent on © points. Schur’s lemma thus implies that R is 


constant. Once more, using p = Vf, we get 


ALpSric = (b — A)Lpg — aLp(Ut @ u*) (5.54) 


aLpSric = (b — A)bg — ala(C(h)) Ch) + a) CC ())]. (5.55) 


This completes the proof. 


In Yano already proved a following results. 


Theorem 5.3. A compact manifold O with constant scalar curvature admits a non- 


trivial conformal vector field p such that Lpg = 2g, WHO, then 
[ wdV = 0. (5.56) 
(o)} 
Therefore in light of Theorem [5.3] we can state. 


Theorem 5.4. Let (0, ®,¢,7,g) be a compact GAGRS with Einstein potential f and (a? + 
B?) <0. IfVf is conformal vector field then TPS manifold © is shrinking or steady GAGRS. 


Proof. Taking the trace in (5.53) 


2n(2n + 1)b(a? + 67) = (2n+1)(w— A) —al¢|? (5.57) 
which implies 
2 2 a 2 _ 
[2nv(0 +P) + ole = [ A). (5.58) 


If p is conformal vector field and the scalar curvature of © is constant 2n(2n + 1)(a? + 67), 


then applying Theorem (5.3) we get 


2n(2n + 1)(a? + 6?) 


an(2n-+ 1)(a2 + 6%) f + cP =-(n+1) fia. (5.59) 


Now, if A < 0, then above equation reduced 


2n(2n + 1)(a? + B?) i 


2 
4 > ~ 2n(2n + 1)(a? + 6?) Ic | en 0) 
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If M is a compact TPS-manifold, then Theorem (5.2) implies that © is isometric to S”. 
Because scalar curvature is preserved via isometry so 2n(2n + 1)(a? + 82) > 0. Hence the 


above equation entails that 


I¢I?| . (5.61) 


Vol(M) < me a). [2n(an + 1)b+ 


Lemma 5.1. If (0, ®,¢,7,9g) be aGAGRS with Einstein potential f. Then we have 
Af = 2n(2n + 1)b(a? + B)*) + Qn +1)A—al¢|?. (5.62) 


Currently, function f convexity suggests that it is harmonic, or that Af = 0, [32]. There- 


fore, (5.62) implies 


2n(2n + 1)b(a? + B)”) + (Q2n+1)A— ale? =0. (5.63) 
Oe 2nb(a? + 8?) (5.64) 
(2n + 1) 


Therefore, this leads the following result: 


Theorem 5.5. If f is a convex harmonic function on TPS-manifold (0,®,¢,y,g) and 
has non negative scalar curvature, then admitting a GAGRS with Einstein potential f is 


expanding, stable, or shrinking according as 


2 
(1) an > 2nb(a? + 87), 


2 
(2) a = 2nb(a2 + 8?) and 


al¢|? 21 92 : 
(3) Gap < 2nbla’ + 6), — respectively. 


Moreover, Lemma |5.1] entails the following: 


Corollary 5.1. If (0,®,¢,7,g) be a TPS-manifold admitting a GAGRS with Einstein 


potential f, then the Poisson equation satisfied by f becomes 
Af = 2n(2n + 1)b(a? + B)*) + Qn +1)A—al¢|?. (5.65) 


Example 5.1. Let (0,®,¢,7,g) be the 3-dimensional TPS-manifold considered in example 
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Let V be a Levi-Civita connection. From (3.27), we obtain the following components of 


Riemannina curvature tensor and Ricci tensor: 


3 1 
R(E1, E2)Eo = (~Fe" + i) &i;, Rey, €3)& =— (Fe + i) Ei, R(E1, €3)Eo = —e**yEy, 
(5.66) 


1 1 
R(E2, E3)Ez = — (Fe + 1) &2,  R(E2, €3)E2 = — (Ge + 1) E3; 


1 
R(E1, E2)Ey — al (Se t 1) E24 e°*yE3, R(Eo, E3)Ey = 0, 
R(E,, €3)Er = e** yeo + (Jet + i) £3, R(Er, Ex)E3 = —e**yEy. 


3 1 1 
Srialhise1) = “ao — 2, Drip (Case2) = “ae + 2€o, Srie(€3,,€35) — =e — 2. (5.67) 


From (2.14), we have 
bSric(Ei, Ei) = —(B + A)g(Ei, €;) + (a— B)5,, {i =1,2,3} (5.68) 


Now, we find the following cases corresponding to the different values of a and b in equation 


(2.14): 


Case(1). For Killing vector field i.e., a = b = 0, from (5.68) we find A = —26, which is 
shrinking. 


Case(2). In case of Ricci soliton a = 0,b = —1, from (5.68), A=-— (#e* + 2) — 8. Therefore, 
the data (g,¢,A,a,b) is an AGRS on T'PS-manifold (0, ®,¢,y,g), is steady and shrinking 


according as 342 +2<-—-86, 3 ef + 2 = 8, respectively. 


Case(3). For Einstein-Weyl geometry case a = 1,b = = from (5.68), A = (2841) - 
3 (Se + 2) Now, the data (g,¢,A,a,b) is an AGRS on T’PS-manifold (0, ©, ¢, 7, g) 


is steady, shrinking or expanding according as (28 + 1) = a (Se + 2), (284+ 1) < 


Go (ge Tr 2) or (26 +1) > =) (Se + 2), respectively. 


Case(4). For the geometry of Vacuum near horizon equation a = 1,b = 5; from (5.68), 
A = (26 — 2) — (je"*). The data (g,¢, A,a,b) is an AGRS on T’PS-manifold (0, ®,¢, 7, g), 
is steady, shrinking or expanding according as (23 — 2) = (4e**), (28 —2) < (4e**) or 
(26 —2)> (je), respectively. 
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ABSTRACT. In the present paper, we introduce a new class of Riemannian maps which are 
called pointwise hemi-slant Riemannian maps from Riemannian manifolds to almost Hermit- 
ian manifolds as a natural generalization of hemi-slant submanifolds, hemi-slant submersions 
and hemi-slant Riemannian maps in a very natural way. We mention some examples, present 
a characterization and obtain the geometry of foliations in terms of the distributions which 
are involved in the definition of such maps. We also find necessary and sufficient conditions 
for pointwise hemi-slant Riemannian maps to be totally geodesic. Finally, we obtain Caso- 
rati curvatures for pointwise hemi-slant Riemannian maps in complex space form. 
Keywords: Kaehler manifold, Riemannian map, pointwise hemi-slant submanifold, hemi- 
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1. INTRODUCTION 


A considerable flaw in Riemannian geometry is to compare some geometric properties of 
suitable types of maps between Riemannian manifolds. Such suitable maps between Rie- 


mannian manifolds are isometric immersions and Riemannian submersions. Many geometers 
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have been studied these maps between manifolds in ({1] [2] [9} 
[277] 32} [3.4] (33) [36) [35] [40) (37) [45] [48} [49] ). 

As a natural generalization of isometric immersions and Riemannian submersions, Fischer 
defined the concept of Riemannian maps between Riemannian manifolds as follows: Let 
(M,g) and (N,g) be Riemannian manifolds and V is a smooth map between them. Then 


the tangent bundle of M has the following decompostion 


TM = kerW,, ® (kerWV,)~, 


where kerW, denotes the kernel space of V, and (kerW,)~- is the orthogonal complementary 


space to kerW,. In a similar way, the tangent bundle of N has the following decompostion 


TN = (rangeW¥,) ® (rangeV,)+ 


where range, denotes the range of V, and rangeW,)+ is the orthogonal complementary 
space to rangeW,. Now, if the horizontal restriction wa : (ker¥t) — (rangeWV..,, ) 


is a linear isometry between the inner product spaces ((kerW.,, )+, 9(p1) I(kerWep,)+) and 
(ranges, ,9(P2) |(rangeW.)p, )»P2 = U(p1) then a smooth map W : (M,g) —> (N,9) is called 
Riemannian map at p; € M. One can see that Riemannian submersions and isometric im- 
mersions are particular Riemannian maps with (rangeWV,)+ = 0 and kerW, = 0, respectively. 

Inspried by Fischer’s article, B. Sahin introduced anti invariant Riemannian maps, holo- 
morphic Riemannian maps and semi-invariant Riemannian maps to almost Hermitian man- 
ifolds and studied the geomerty of total spaces and base spaces ([39} [41]). This notion 
has opened a new original and effective area in the theory of Riemannian maps. Since 
then many geometers have studied Riemannian maps in different kinds of structures in 
[4] (44) [43]. Recent developments in the theory of Riemannian map 
can be found in the books [42]. 

On the other hand, in [11], Casorati introduced Casorati curvature which is a very natural 
concept of regular surfaces in the three-dimensional Euclidean space. One can see some 
optimal inequalities involving Casorati curvatures in (Z| [6] [46] [47] [52]). 

Hemi-slant submanifolds were introduced by Carriazo (Bi-slant immersions. in: Proc. 
ICRAMS 2000, Kharagpur, India, 2000, 88-97.) and Sahin (Annales Polonici Mathematici 
95 (2009), 207-226) as a generalization of slant submanifolds. Hemi-slant submersions were 


introduced by Tastan, Sahin and Yanan (Mediterr. J. Math. 13, 2171-2184 (2016)) as 


a natural generalization of slant submersions. On the other hand, hemi-slant Riemannian 
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maps were defined by Sahin (Mediterr. J. Math. 14, 10 (2017)) as a natural generalization 
of hemi-slant submanifolds and hemi-slant submersions. In 2022, Giinditizalp and Akyol 
defined pointwise slant Riemannian maps as a generalization of pointwise slant submanifolds 
and pointwise slant submersions in a natural way in [21]. They obtained simple 
characterizations and geometrical properties of pointwise slant Riemannian maps. As far as 
we know, no author has studied pointwise hemi-slant Riemannian maps so far. In the present 
paper, we are motivated to fill a gap in the literature by giving the notion of pointwise hemi- 
slant Riemannian maps, in which the base space consist of an anti-invariant and a slant 
distribution, as a special case of slant submanifold, hemi-slant submanifold, pointwise slant 
submanifold, slant submersions, hemi-slant submersions and hemi-slant Riemannian map 
and investigate the geometry of these maps. 

The paper is organized as follows. Section[2]includes the main properties of the Riemannian 
maps, the tensors introduced by B. O’Neill and the second fundamental form of a map. 
Section 3] contains the definition of pointwise hemi-slant Riemannian maps from Riemannian 
manifolds to almost Hermitian manifolds, many examples and investigate the geometry of 
foliations which are arisen from the definition of a pointwise hemi-slant Riemannian map and 
obtain decomposition theorems by using these maps. We also find necessary and sufficient 
conditions for pointwise hemi-slant Riemannian maps to be totally geodesic. Finally, we 


obtain Casorati curvatures for pointwise hemi-slant Riemannian maps in complex space form. 


2. PRELIMINARIES 


Let (M1, 9m, J1) be an almost Hermitian manifold. This means that Mj admits a tensor 


field J, of type (1,1) on M; such that 


Jf =-I, gm, (A&1, A1€) = 9m, (&,€2), &,€ € (PM). (2.1) 


An almost Hermitian manifold Mj, is called Kaehler manifold [50] if 
(Ve, J1)&2 = 0, £1, €2 € (TM), (2.2) 


where V denotes the Riemannian connection of the metric giv, on M,. 

Let (Mi,gm,) and (M2,gm,) be Riemannian manifolds and W is a differentiable map 
between them. Then the differential V, of YU can be viewed a section of the bundle 
Hom(TM,, ¥V-!T'M2) > M,, where V~!'T'Mp is the pullback bundle which has fibres 
(U-1T Mo) = Tw(q) M2, q € Mi. Hom(T'M,, ¥-!TMg) has a connection V induced from 
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the Levi-Civita connection V™! and the pullback connection. The second fundamental form 
of W is given by 
(VW) (&1, &2) = Ve, Vado — U. (Vi) (2.3) 

for €,€ €T(£M;), where V™ is the pullback connection. On the other hand, it is shown in 
([B9]) that (VW,)(€1,€) has no components in ImW,, provided that €,€ € I'((kerV,)+). 
More exactly, 

(VW.)(E1,€2) €P(UmW.)"), VE, & €T((herW)~), (2.4) 
here (ImW,.)+ is the subbundle of ¥~!(T'Mg2) with fibre [(V.(T,M1)+), qe Mi. 
Let V be a Riemannian map from a Riemannian manifold (Mj, gi,) to a Riemannian man- 


ifold (M2, gu). Then VE1, £2, Y3 € I ((kerW,)+), we have 


9 Mp ((V Ux) (1, €2), Vx (¥3)) = 0. (2.5) 


O’Neill’s tensors TJ and A are defined by, respectively, 
Te, €2 = AV ye, vEo + vV ve, hEo (2.6) 
and 
Ag, 2 = vV ne ha + hV ng, vE2 (2.7) 


for every 1,2 € I'(TM;1), where V is the Levi-Civita connection of gjz,. Here h and v are 
the projections on horizontal and vertical distributions, respectively. It is known that the 


tensor fields T is symetric and A is anti-symetric tensors. By using (2.6) and (2.7), we obtain 


Vinita = Tne + Vine (2.8) 
Vin &t = Tm &1 + hVin &13 (2.9) 
Vem = Agm + vVem; (2.10) 
Ve 82 = Ag &2 + hVe bo, (2.11) 


for any €,€ €T((kerWV,)+), m1, 2 € T(kerW,), here Vint = 0Vn N2- 

We denote by V? both the levi-Civita connection of (M2, gj,) and its pullback along W. 
Then according to [26], for any vector field €; on M, and any section 7, of (rangeWV,)+ 
(rangeW,)+ is the subbundle of U—!(T'M2) with fiber (W,(T,M1))+— orthogonal complement 


, where 


of (W,(T_M1)) for giz, over g, we have vam which is the orthogonal projection of Vim 
on (W,(T,M;))+—such that VY+gu, = 0. We now define S,, as 


Vive = —Sn User + Vem (2.12) 
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where S,,, V1 is tangential component of Vee gM It is easy to see that S,, U.€) is bilinear in 
m and W,£; and S,,V,€, at g depends only on Ujg and VxgYig. Thus,for £1, € T'((kerU}) 


and 7 € T'((rangeW.)+), we get 


Mz (Si Vx81, VE2) = 9a (m, (Vx) (61, €2))- (2.13) 


Since (VW,,) is symmetric, it follows that S,, is a symmetric linear transformation of rangeV.. 


3. POINTWISE HEMI-SLANT RIEMANNIAN MAPS TO KAEHLER MANIFOLDS 


Let © : (Mi,9u,) > (Me, 9m,,J2) be a Riemannian map from a Riemannian manifold 
(Mi, 9m,) to an almost Hermitian manifold (Mo, gy, J2). If, at each given point p € Mo, 
the Wirtinger angle ¢(X) between JoWV,(X) and the space rangeW,. is independent of the 
choice of the nonzero tangent vector V,(X) in rangeWV,, then we say that W is a pointwise 
slant Riemannian map. In this case, the angle ¢ can be regarded as a function on M2, which 
is called the slant function of the pointwise slant Riemannian map. 

Let D be a differentiable distribution on Mz. Then D is pointwise slant if and only if 
there exists a function y € [—1,0] such that (yQg)?n = wn for 7 € D, where Qg denotes the 


orthogonal projection on D. Moreover, in this case ps = — cos? ¢. 


Definition 3.1. Let (Mi,gu,) be a Riemannian manifold and (M2, 9m,,J2) be an almost 
Hermitian manifold. Then we say that a Riemannian map V : M, > Mo is a pointwise 
hemi-slant Riemannian map if there exists a pair of orthogonal distributions D® and D+ on 
rangeW, such that 

(1) The space rangeV, admits the orthogonal direct decomposition D®? 6 D+. 

(2) The distribution D+ is totally real. 


(3) The distribution D® is pointwise slant with slant function ¢. 


In this case, the angle ¢ can be regarded as a function on Mo, which is called the hemi-slant 
function of the pointwise hemi-slant Riemannian map. 
Now we say that the pointwise hemi-slant Riemannian map W is proper if D+ 4 {0} and 


6#0,5. 


Then, for m € I'(rangeW.,.), we can write 
Jom = Nim + Nom, (3.14) 
here Nin, € T(D®) and Non, € T(D+) and we can write 


Jom = ym + om, (3.15) 


INT. J. MAPS MATH. (2024) 7(1):76-96 / POINTWISE HEMI-SLANT RIEMANNIAN MAPS... 81 

here yn, € I'(rangeW,) and dn, € T'((rangeW,)+). Also, for any Y; € I'((rangeW¥,.)+), we get 
hY, = 7¥i +N, (3.16) 

here VY; € '(rangeW,) and dY, € I'((rangeW,)+). 

Theorem 3.1. Let UV be a pointwise hemi-slant Riemannian map from a Riemannian man- 

ifold (M1, 9m,) to an almost Hermitian manifold (M2, gmp, J2) with hemi-slant function ¢. 
ym = —(cos? d)m (3.17) 

for any m €T(D®). 


Proof. Since, 


ras iy 
cos = SMz(oms 7m) _ _gae(m, 7") 


|Jom|lym| Im\lyn| 


and cos ¢ == je. for m, € I(D®%) we obtain 


2 
oe _ 91a mm) 
Im 

Hence, 


+m = —(cos* ¢)m. 


Also converse of Theorem |3.1} it can be directly verified. 


Moreover, for any 71, U2 € '(D®) we have 
9M (ym, YU2) = cos” dgmy(m, U2) (3.18) 
9M (6m, 6U2) = sin? dg (m, U2). (3.19) 


Furthermore, for 7, € [(D®) we obtain 
76m = —sin? dm, 66m = —dym. (3.20) 


Example 3.1. Let (R®, gps) be the Euclid space. Consider {J,, Jz} a pair of almost complex 
structures on R® satisfying Jj Jo = —JoJ1, here 

Ji (a1, aney ag) = (—az, —@4, A1, 42, —A7, —8, 45, ae) 
and 

Jo(a1,---,48) = (—a2, a1, a4, —A3, —A6, G5, ag, —G7). 


For any real-valued function \ : R® > R, we define new almost complex structure Jy, on R® 


by Jy = (cos A) J, + (sin A) Jo. 
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Then R§ = (R°, Jy, gps) is an almost Hermitian manifold. 


Consider a Riemannian map WV : R® + R§ by 


Vy, eey ys) = (y1, Y¥3, V6, ¥8,7,€, C1, C2). 


Then the map WV is a proper pointwise hemi-slant Riemannian map with the hemi-slant func- 
tion X such that 
QO O 0 O 
D? = span{ —, —}, and Dt = span{ —, —}. 
_ {a Bag! . {a Oa! 


Also, we obtain 
= span{ Oe 0 22 
—_ Oz’ Oz4’ O25 O2z7 , 


here 21, ...,2g are the local coordinates on R®. 


(ranges)~ 


Theorem 3.2. Let UV; be a Riemannian submersion from a Riemannian manifold (M1, gm, ) 
onto an almost Hermitian manifold (M2, 9m,,J2) and V2 a poitwise hemi-slant immersion 
from (Mo, gmz, J2) to an almost Hermitian manifold (M3, gu3,J2). Then V20 WV, is a point- 


wise hemi-slant Riemannian map. 


This theorem is obvious from ([38], Theorem 5.2), and therefore we omit its proof. 
As an application of the above Theorem, we give the following example of proper pointwise 


hemi-slant Riemannian map. 


Example 3.2. Let (R°, gps) be the Euclid space. Consider { J,, Jo} a pair of almost complex 


structures on R® satisfying J, Jo = —JoJ\, here 


Ji (a1,...,4g) = (—a@2, a1, —G4, @3, —g, A5, —Gg, 7) 
and 
J2(a4, w+ 8) = (—a3, G4, a1, —aQ2, —@7, 48,45, —a¢). 


For any real-valued function  : R® > R, we define new almost complex structure Jy, on R® 
by Jy = (cos A) J, + (sin A) Jo. 


Then, R§ = (R°, J), gps) is an almost Hermitian manifold. Consider the map 


se (R®, g) > (RR, Jr, Gps), Vy, ig Ye) = (y1, 0,0, ya, 0, 0, yg, y7) 


which is the the composition of the Riemannian submersion 


Vy : (R®, 9) =0 i, Wi (yt, «5 Ys) = (Y1, Y4, Y7, Ys) 
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followed by the pointwise hemi-slant immersion 


WU : E* > (R°, Jy, gps), Ve(ur,..., ua) = (ur, 0,0, v2, 0, 0, ua, uz). 


It is easy to verify that V is a pointwise hemi-slant Riemannian map with the slant function 


bo =f such that 


0. O 0 O 
op _ ale 22 
D® = span{ Day’ Ba and D~ = span = 1: 


1’ Oz4 

Also, we obtain 

{ 0 0 0d <0 \ 
Oz” 023, Oz” Oz , 


ran ay =e arr 
(rangex) p 


here z1,...,zg are the local coordinates on R$. 


First note that for U,é, € D® and V,é € Dt, we get 9M>(V.€1, VxEo) = 0. Then, 
Riemannian map W implies that gaz, (£1, £2) = 0. So we obtain two orthogonal distributions 


D? and D+ such that 
(kerW,)+ =D? @D!. 


Let YW be a C°—map from a Riemannian manifold (M1, gjz,) to a Riemannian manifold 


(M2, gm,). Then, the adjoint map *(W,)q, of the differential (V.)9,, q1 € M1, is given by 


9M2((Vx)arm, ¥1) = gm, (m," (Vx) 1) (3.21) 


for any m © Ty,Mi and Y; € Ty q,)M2. Furthermore if the map W is a Riemannian map, 


then for m € (rangeV.)y(q,) and Yi € (ker(Vx)q,)~, we obtain 


q1) 
(W.)5, (Wx )am =; "(Waar (Waa Yi = Yi, 


thus the linear map *(W,)q, : (rangeVs)w(q) > (ker(Vx)q,)> is an isomorphism. Define 


C =* (Wx)q, ¥(Ux). From Theorem [3.1] we obtain: 


Corollary 3.1. Let W be a pointwise hemi-slant Riemannian map from a Riemannian mani- 
fold (Mi, 9m) to an Hermitian manifold (M2, gu,,J2) with the hemi-slant function @. Then, 
m €T(D®) we have 


C7, = — cos? ony. (3.22) 
For Y1, Y2, Yo € (ker(Wx)q,) with U.Y2 = yW.Yo, we define 


(V¥. 5) V.¥o = 6(VW.)(Yi, 2) — (VU.)(M, Yo). (3.23) 
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Proposition 3.1. Let VU be a pointwise hemi-slant Riemannian map from a Riemannian 
manifold (Mi,9m,) to a Kaehler manifold (M2, gm,,J2) with the hemi-slant function @. If 


the tensor 6 is parallel,then m1,U2 € T(D®) we obtain 
(VW) (C1, CU2) = — cos? o(V Ux) (m, U2). (3.24) 
Proof. Assume that 6 is parallel. Then, using (3.24), for n,, U2 € T'(D®) we get 
d(VW.)(m, U2) = (VW.)(m, CU2). 
By replacing 7; and U2 , we have 
0(VW,)(U2,m) = (VUx)(U2, Cm). 
Since the tensor (VW,.) is symmetric, we obtain 
(VWs) (m, CU2) = (VWx)(U2, Cn). 


Thus we have 


(VW.)(Cm, CU2) = (VUs)(m, C?U2) = — cos” o(VUs)(m, U2). 


Theorem 3.3. Let V be a pointwise hemi-slant Riemannian map from a Riemannian man- 
ifold (M,,9m,) to a Kaehler manifold (M2, gm,,J2) with the hemi-slant function @. Then, 
the following assertions are equivalent: 
(a) distribution D+ defines a totally geodesic foliation on Mg, 
() 

gat ((V We) (m* Ve((YWx(Us)))), J2Wx(U2)) = Gat (Vinr OW (Ua), J2V(U2)) 


and 


9 My ((VWx)(m,* Us (FVi)), JoV«(U2)) = 9a (Vy J2V«(U2), 6Y1), (3.25) 
(c) © satisfies and 
gM ((VWx)(m, U2), 67Ux(U3)) = gay (FVy, OWs (U3), Ux (U2) 


for any (1), V.(U2) € (D+), V,(U3) ET (D*) and Y, € T((rangeW,)*). 


INT. J. MAPS MATH. (2024) 7(1):76-96 / POINTWISE HEMI-SLANT RIEMANNIAN MAPS... 85 


Proof. For any W,(7,), U.(U2) € T(D+) and V,(U3) € T(D®), using (2.2) (3.15) and (2.12) 


we obtain 
9M(Vy, Us (U2), (U3) = —9ay (Sjow,, (U2) Ux(m), YU«(U3)) 
+ gmp ((Vjj, J2Vx (U2), 6V.(U3)). 
From (2.13), we arrive at 
Mz (Vy, Ux(U2), Ux (U3)) = Gy ((VU)(m,* Ue(7W«(U3))), J2Ux (U2) 
+ guy (Ve dW. (U2), 5s (Ua). (3.26) 
On the other hand, using (2.2), (3.16) and (2.12), for Y; € T'((rangeW,)+) we have 
9My (Vy, (U2), ¥i1) = —9My(S.j,0.(U2)¥«(m), 7¥1) 
+  9My(Vy, J2W,.(U2), 5%). 
From (2.13), we get 
9M2 (Vy, Ux(U2), ¥1) = —9a((VUx)(m," Ve(7V1)), Jos (U2) 
+ 9M, (Vy, J2Vs (U2), 6Y1). (3.27) 


(3.26) and gives (a) = (b). For any W,(m), V«(U2) € F(D+) and W,(U3) € T(D%), 
from and we get 
My (Vy, Ux (U2), Ue(U3)) = 9a (Vy, YW (U3), Ux (U2) 
+ 9M (Vy, OVW (U3), Us (U2) 
= 9p (Vy, SW (U3), JV. (U2). 
Using (2.12)and (3.17), we obtain 
sin” dgm, (Vip, V«(U2), Us(U3)) = sin 26Wxm (6) gar (Us (U3), Ux (U2) 
— gmp (Ss, (U3) U«(m), Ys (U2)) 
~ 9M, (Vq OW, (U3), JoV.(U2)). 
So, from we arrive at 


sin” $9, (Vj, Ux(U2), Vx(Us)) = —9aa((VU«)(m, U2), 67s (Us) 


~ guy (Vy 5W. (U3), J2V. (U2). (3.28) 


(3.27) and (3.28) gives (a) = (c). 
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In a similar way we obtain: 


Theorem 3.4. Let UV be a pointwise hemi-slant Riemannian map from a Riemannian man- 
ifold (M,,9m,) to a Kaehler manifold (M2, gm,,J2) with the hemi-slant function ¢. Then, 
the following assertions are equivalent: 


(a) distribution D® defines a totally geodesic foliation on Mo, 
(b) 


gMz ((V Vx) (U2,* Us ((7Us(U3)))), JoUs (m1) = Gate (Voz Jos (m), SU (Us) 


and 
My ((V x) (U2,* Vs (FYi)), OW (U3)) = gaa (Viz OV (Us), 6Y1) 
— 9m(Vuz 5yVs(Us), ¥1), (3.29) 
(c) V satisfies and 
Mp ((VVx)(U2,m); 57Ux(U3)) = 9a (FV Uz OV (U3), Vx (m1)) 
for any V.(m) €T(D*), Vs(U2), Ux(U3) €T(D®) and Yi € T((rangeW,)*). 


Using Theorems and we obtain: 


Theorem 3.5. Let V be a pointwise hemi-slant Riemannian map from a Riemannian mani- 
fold (Mi, 9m, ) to a Kaehler manifold (M2, gmp, J2) with integrable distribution and the hemi- 
slant function @. Then, the leaf of (rangeWV,) is a locally product Riemannian manifold 
Mrs Me if and only if 

90a ((VG.)(m,* Ux7(¥1)), 5Us(U2)) = gare (Vy, SW (U2), 6Y1) 


— guy (Vy, 57Wx (U2), ¥1) 
and 
9M ((VWs)(m1, U2), 6s (U3)) = guy (PV yp, - OW (U3), Us (U2) 


for any m, U2 € T((kerW*)+), U,(U3) € 1(D®) and Y; € T((rangeW,)+), here Mj and Mg 


denotes the leaves of D+ and D®, respectively. 


Theorem 3.6. Let WV be a pointwise hemi-slant Riemannian map from a Riemannian man- 


ifold (Mi,gm,) to a Kaehler manifold (M2, 9m,,J2) with the hemi-slant function @. Then, 
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W is totally geodesic if and only if the following conditions are satisfied: 
(a) 
gua ((VWx)(m,* Ve7(V1)), 6We(U2)) = gaa (Vy, OW. (U2), 6%1) 
— gu (Vq, 67V«(U2), Yi) 
for any m, U2 € T((kerW*)+) and Y, € T((rangeW.)+), 
(b) 
sin 2671 (¢)g9m2(U»(U2), Ux(U3)) = gua ((VU«)(m, U3), 6yUs (U2)) 
— 9Mo(Ssw,(u2)m, VU+(U3) 
+ 9My(Vy, 5V«(U2), 6V.(U3)) 
— sin? dg, (AV 7, U2, U3) 


for any m, U2, U3 € T((kerW,)+), 
(c) the distribution kerW,, is totally geodesic, 
(d) the distribution (kerW,)+ is integrable. 


Proof. For any 1, U2, U3 € T'((kerV,)+), from (2.2), (2.3), (2.11) and we have 
9M ((V Vx) (m, U2), Us(U3)) = —9a (Vn, 7 Us (U2), Ux (U3) 
= 9M (V9, 67Ux (U2), Ve (Us) 
+ gop (Vj, 5Ux (U2), WW«(U3)) 
+ My (Vy, OW (U2), 5Ws (U3) — gar, (AV, U2, U3). 
Then, using (2.12), (2.13) and we obtain 
sin? gm, ((VWs)(m, U2), Ux(U3)) = — sin 26m (6) 9Mp (Ux (U2), V«(U3)) 
+ gu, ((VWx)(m, U3), dys (U2)) 
— gm (Ssw.(u2)M1, YU* (U3) 
+ 9My(Vy, 6s (U2), 6V.(U3)) 


— sin? da, (hV 7, U2, U3). 
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(3.30) 


On the other hand, for m,U2 € T((kerW,)+) and Vi, V2 € T(kerW,), using (2.3), (2.8) and 


we get 


9Mp((VW«)(Vi, V2), Va(m)) = —9m, (Ty, V2,m) 


(3.31) 
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and 
gmp((VUx)(m, Vi), Ys (U2)) = —gay (An, U2, Vi). (3.32) 


Now, by using (8.30),(3.31), and Theorem 3.3} the proof is completed. 


4. CASORATI INEQUALITIES ALONG HEMI-SLANT RIEMANNIAN MAPS TO COMPLEX SPACE 


FORMS 


Lemma 4.1. [46] Let W = {(y1, y2,---;¥m) EC R™ : yi tyat-.. + ym = z} be a hyperplane of 


R™, andg:R™ > R a quadratic form given by 


HY; Y2, 1 Ym) = CLG (YR)? + (Ym)? — WZickcs<mYkYs, C> 0, d> 0. 


Then the constrained extremum problem minwy, yo,....ym)ew9 has the following solution: 
z z z(m — 1) 
wee = — = => ed 2 
ene ela aaa eae ee 


_ _m-1 
provided that d= 5. 


Let (Mo, gm, J2) be a Kaehler manifold. The Riemannian-Christoffel curvature tensor of 
a complex space form M2(v) of constant holomorphic sectional curvature v satisfies 
Vy 
Rp, (Yas Y2, V3, V4) = 71982 (Y1, 4) 98, (Yo, V3) = 9B, (V1, V3) 9B, (Y2, V4) 
+ 9B2(¥1, JoV3) 9B. (J2Y2, V4) — 9B, (Y2, JoV3) 9B, (J2¥1, Ys) 


+ 298, (V1, J2¥2)9B,(J2V3, Va) } (4.33) 
for all vector fields Yj, Y2, Y3, Y4 € [(£M2) ([50}). 
Let Y be a Riemannian map from a Riemannian manifold (M1, g,) to a Riemannian 


manifold (M2,gu,). Let Ry, and Ry, be the curvature tensor fields of VM and V2, 


respectively. Then, for all Y,, Y2, Y3, Y4 € I'((kerW,)+, we obtain the Gauss formula given by 
((40}) 
9M2 (Rp. (UV, Ux ¥2) V3, UY) = gay (Re, (V1, Y2)¥3, Ya) 
+ gp.((VW.)(Y1, ¥3), (Vs) (Ye, Ya) 
— 9p, ((VUs) (Yi, ¥4), (VW) (V2, ¥3)). (4.34) 


Now, we suppose that WV is a pointwise hemi-slant Riemannian map from a Riemannian 


manifold (M?", gyz,) to the complex space form (M2?(v), Ja, gz,) such that 3 < p= rankW < 
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min{ by, bo}. Using and , for all Y,, Yo, Y3, Ya € T'((kerW,.)+, we obtain 
gu (Fey (YA, Yo)¥3, Ya) = 5.90 Vi, Y4) oe (¥a, ¥3) — gps (Vi, ¥3) 0 (¥2, Ya) 
+ 9B. (UV, Joa ¥3) 9B. (Jos 2, VY) 
— 9B. (V+ Y2, JoV.¥3) 9p. (JoW.Vi, Usa) 
+ 29p,(Ux¥i, JoW. Yo) 9p, (Jo. ¥3, Ux Ya) } 
— 9B, ((VWx) (V1, ¥3), (VU) (V2, Ya)) 
+ gp, ((VWx)(Yi, Ya), (V Ux) (Ya, Y3)). (4.35) 


Let q € M, and consider 
{U,F, W, EF = sec oyvFi, seey W, Font, W, Eon = sec oy, Fon-1, W, Fon+1, see WU, Ey} and 


{ Ep+1, Ep+2, +; Ep } two orthonormal bases of (kerW,.)+ and (rangeW,)+, respectively. Then, 


(kerW,.)+ 


it follows that the dimension of rangeW, is p. We defined the scalar curvature T on 
the horizontal space (kerW,,)+ by 
al 
pikerte)” — SF 19m, (Ru, (Ee, Es) Es, Ex) (4.36) 
and the normalized scalar curvature «(*e™™)” of (kerW,q)+ as 
kerW,.)+ 
icone (4.37) 
p(p — 1) 
Then, we can write 
we = 9B. ((VWVx) (Ex, Eis), Es), k, s= 1, sD, B =p A | bo, (4.38) 
I? = Ef 198, ((V Us) (Ex, Bs), (VUs)(Ex, Es)) (4.39) 
tracey = XP _,(VWx)(Ex, Ex), ||tracew||? = gp, (tracer, tracey). (4.40) 


The squared norm of 7, the second fundamental form of the horizontal space (kerV,.)+ over 
the manifold (Me, Jo, guy); is denoted by C and is called the Casorati curvature of the 


horizontal space (kerW,)+. Thus, we obtain 


1 thee 
C = = |p|? = =F Ee a (Yee)? (4.41) 
Pp Pp 
Now, assume that L(ker)~ ig a t-dimensional subspace (kerW.)7, 2<tand 


jt 


let {F£1, Fo,...,F} be an orthonormal basis of L(kerW« 


ClkerWs)~ (L (kerbs) 1 of L(ker&«)~ defined as 


Then the Casorati curvature 


L 1 1 Tn 
ClkerWx) quiver™s) )= rafal = 7p Ebe=l (rey. 
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(kerW,,) 


tL . 
(ker¥s)" _ Casorati curvatures re 


The normalized o *(p — 1) and a i (p — 1) of 


(kerW,)q)> are given by 
oer v=)Diyp= al + Pin f {C\ker es)” (L(ker¥s)~) » L(kerWs)" a hyperplane of 
(kerW,)7)+}, and 


co (o=)i,= Oe ia — a ng (Cer (Lee) : Lfkerbs)~ 9 hyperplane 


of aie 


Using (4.35), (4.36) and (4.41) we arrive at 


3 
ais p)+ a cos? g = arlber#o)* (a) + pclhor™-)* — leraceyl?, (4.42) 
here r(er¥+)~ ig the scalar curvature of (kerW,)+. 


Now we define a function Q(*¢"™*)" associated with the following quadratic polynomial with 


respect to the components of w : 


1 
gee a al” = pc herb+)~ + (p? — joke bere) 
oe Vy 3nv 
— artkers)~ rica p)4 5 cos? ¢. 


Without loos of generality, by supposing that the hyperplane L{kerUs)” ig spanned by 


{E,,...,Ep-1}, using (4.42) one can produce 
: = 
oer™ =o Prep? ae p(w)? + (p+ 1)(v,)"] 


je B=ptil2 (p+ 1x Cae 


Pp — 
— 2of ee + P— Why 
p-1 
= im eels k= ~1P(Dex)” + (bop)? 
— 20F _pcePen Vel: (4.43) 


For 6 =p +1,...,b2, let us consider the quadratic form gg : R®2 + R defined by 


—1 
ga(VEr» <ee9 = p> a “(he)” as (bh)? =, 20? on Vin Y ess (4.44) 


and the constrained extremum problem, mingg, subject to 


OF bi +... + y8, = 2%, 


here z? is a real constant. From Lemma |4.1| we obtainc=p, d= a 


Thus, by Lemma [4.1] we get the critical point — er a given by 


228 
p+l’ 


B _ 6B = 
Vy = Vo = =v, —lp-1 — p+ =, w= 
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is a global minimum point. Also, g(r: ax wen) = 0. Moreover we obtain 
QlkerW.)* > 0, (4.45) 


which implies 


1 er erW,)+ 
97 (kerWx)* < 5” — p)clkerds)~ + (p? = ne™ Be)" (LE W.) )] 
V 3nv 
ae (p? —p) + 5 cos” ¢ (4.46) 


and using (4.46) we obtain 


plkera)t [ic tkervs)+ it p+ 1 o(kerW.)4 (p (herbs) Ly) 
2 2p 
V ny 2 
+ —+ 2 cos 4.47 
4 2p(p— 1) : Se 


for all hyperplane LikerWs)~ of (kerW,)+. 


Similarly, we can write 


1 erW,)+ er,,)+ 
gkerVs)* = 2(p? — p)clkerW«)~ _ 5 (2P" — 3p + ne Vx) (LY W,) ) 


2 ony 


| 2 
p)4 9 cos” ¢, 


(kerW,.)+ 


here hyperplane L is a hyperplane of (kerW,)+. From here, 


glker¥.)” > Q, (4.48) 


which implies 
2p = 1 spent (rere AL 
ae ee * L * 
na ake | 


cos? ¢. (4.49) 


jglkerWe)~ < 9c (kerW«)* 


4 3ny 
2p(p — 1) 
Now, taking the infimum in and the supremum in over all hyperplanes 

L(ker€«)~ of (kerV,)+ and analyzing the equality case in and (4.48), respectively, 


we get: 


+ 
ALS 


Theorem 4.1. Let VU be a pointwise hemi-slant Riemannian map a Riemannian manifold 


(M?, gu,) to a complex space form (Me? (v), Jo,gm,) with hemi-slant function ¢, 3<p= 


rankW < min{b;,b2}. Then the normalized o— Casorati curvatures gom and lee 
on (kerWVx)a satisfy 
(i) itter¥e) < glker¥s)+(p_ 1) a goed (4.50) 
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(ii) p(kerWx)> < BO Oy 1) 4 Y | wr , eee? d. (4.51) 


Furthermore, the equality case holds in any inequalities at a point q © My, if and only if 
with respect to suitable orthonormal basis {E},...,E,} on (kerW,.)7 and {Epii,--., Ep} on 
((rangeW,),)+, the components of w satisfy 


1 
vty = Who ee Ue ipa = 5 bp B S {p+ Lp+ 25.ttey BF4 


Ves = 0, ki €{1,,..P}R#s), BE {pt 1pt2,..., by}. 
Using the Theorem |4.1| we obtain the following results. 


Corollary 4.1. Let VU be a pointwise hemi-slant Riemannian map a Riemannian manifold 
(M?, gu) to a complex space form (Me? (v), J2,9M,) with hemi-slant function ¢= 5, 3< 


+ 
p = rankV < min{bi,b2}. Then the normalized o— Casorati curvatures arerts) 


—(kerW,)+ 
af 


and 


on (kerW,)z> satisfy 


(i) jg (kerWx)~ < okerts)” (py _ 1) ~ 7 


Furthermore, the equality case holds in any inequalities at a point q © My, if and only if 
with respect to suitable orthonormal basis {F1,..., Ep} on (kerW,) > anid. { Fig ity cisy Eihy b ON 


rangeW,.)7)+, the components of y satisfy 
q 
1 
vn Woo = ee ee = 5 bp B cS {p+ aa 2, erg 
ke =0, ks €{1,,...P}HR#s), BE {p+1,p+2,..., do}. 


Corollary 4.2. Let VU be a pointwise hemi-slant Riemannian map a Riemannian manifold 


(M?, gm) to a complex space form (Me (v), J2,9Mz) with hemi-slant function ¢=0, 3< 


p = rankV < min{bi,b2}. Then the normalized o— Casorati curvatures ge: and 
a on (kerW,)> satisfy 
(i) plkerWx)~ < (her bx) (p 1) i = si 3n ) 
= 2°2 © p(p-1) 
(ia) plberte)t < glory ay 4 Uh 4 98" _), 
7 2°2 ° p(p—1) 
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Furthermore, the equality case holds in any inequalities at a point q © M, if and only if 
with respect to suitable orthonormal basis {E},...,Ep} on (kerW,) > and {Ep41,.., Ey, } on 


((rangeW,),)+, the components of w satisfy 
1 
ve, = uh = = We aie = 5 pp BEe{p+1,pt+2,..., be}, 


wee = 0, k,s € {1, ep }(k ~ 5); B € {p + Lipt 2, way DBE 


Corollary 4.3. Let VU be a pointwise hemi-slant Riemannian map a Riemannian manifold 
b 
(Me ,gm,) to the complex Euclidean space C® with hemi-slant function ¢@, 3<p=rankV < 


min{b1,b2}. Then we get 


(3) jg(herW)+ < oiker¥y” (py _ 1), (it) jglkerWa)~ < gr: Ga 1). 
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ABSTRACT. In this paper, first we obtain the conditions for the existence and uniqueness 
of non-null framed curves as well as non-null framed surfaces in Minkowski 3-space. Fur- 
ther, we study the timelike and spacelike translation framed surfaces generated by non-null 
framed curves and obtain the basic invariants of such surfaces in E}. We also find the cur- 
vatures of timelike and spacelike translation framed surfaces generated by non-null framed 
curves. Finally, we classify the translation framed surfaces generated by non-null framed 
curves lying in mutually perpendicular coordinate planes of E? with wx = 0 and px = 0. 
Keywords: Framed curve, Framed surface, Translation framed surface, Curvature and in- 
variants of a translation framed surface. 
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1. INTRODUCTION 


A translation surface is a special case of Darboux surface which is the union of ‘equivalent’ 
curves (‘equivalent’ in the sense that, the curves are images of one another by some isometries 
of the space), also known as generating curves of the surface. A Darboux surface is defined 
as the movement of curves by rigid motions of the space. Therefore, it can be parametrized 
as X(u,v) = A(v).a(u) + B(v), where a, @ are two space curves and A is an orthogonal 
matrix. When the orthogonal matrix A is identity matrix the surface is called a translation 
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surface. Thus, a generalized type of a translation surface is given by 


X (u,v) = a(u) + B(v). 


Translation surface which is known as the double curve in differential geometry is base for 
roofing structures. The construction and design of free form glass roofing structures are 
generally created with the help of curved (formed) glass panes or planar triangular glass 
facets. Recently, classification of translation surfaces under some conditions on curvatures 
has been studied in Euclidean as well as Minkowski space ([I],{10],{11],[15]). 

A framed curve in Minkowski 3-space is a curve with an assigned frame which moves along 


the curve. In [7], Honda and Takahashi defined the curvature functions of the framed curve 


a3 


in E’, similar to a regular curve. By using curvature functions, they obtained the existence 


and the uniqueness theorem for the framed curves. The curvature functions of a framed 
curve are used to investigate the curve along with its singularities. On the other hand, a 


framed surface is defined to be a surface with an assigned moving frame which is used to 


analyze properties and singularities of the surface. In [4], by using the moving frames in E°, 


the basic invariants and the curvatures of framed surfaces are introduced by Fukunaga and 
Takahashi. They studied the properties of framed surfaces using the basic invariants of the 
surfaces and gave some examples. 


In [5], Fukunaga and Takahashi reviewed the theories for framed surfaces, framed curves 


and one-parameter families of framed curves in E?. They showed that up to congruence, 


the surface along with the moving frame can be determined by the basic invariants of the 
framed surface and the curvature of a one parameter family of framed curves. In [6], the 
authors studied the translation surfaces with assigned moving frame and discussed the various 
singularities that arise on such surfaces with help of the notion of framed curves and surfaces. 


In this paper, we study the non-null translation framed surfaces generated by non-null framed 


curves in E?. The paper is arranged as follows. There are some basic results in section 2. In 


section 3, we study non-null framed curves in E? and obtain the conditions for the existence 


and uniqueness of non-null framed curves. In section 4, first we study non-null framed 


surfaces in E? and find their curvatures and existence and uniqueness conditions. Further, 


we study the timelike and spacelike translation framed surfaces generated by non-null framed 


curves and obtain the basic invariants of such surfaces in E?. We also find the curvatures 


of timelike and spacelike translation framed surfaces generated by non-null framed curves. 
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Finally, we classify the translation framed surfaces generated by non-null framed curves lie 


in the coordinate planes of E} with wx =0 and py = 0. 


2. PRELIMINARIES 


The Minkowski 3-space, denoted by E}, is a three dimensional real vector space R* endowed 


with the metric tensor (.,.) = —dx? + dy? + dz?. The (Lorentzian) scalar and cross product 


are defined by: 


(x,y) = —@1y1 + Toyo + @3Y3, 
(2.1) 


xX y = (—L2y3 + L3Yy2,23Y1 — L1Y3,21Y2 — L211), 


where x = (%1,22,273),y = (Y1, y2,y3) belong to E}. This space is also known as Lorentz- 


Minkowski space. A vector x € E} is said to be spacelike when (x, x) > 0 or x = 0, timelike 


when (x,2) < 0 and lightlike(null) when (2, x) = 0, « £0. A curve in E} is called spacelike, 


timelike or lightlike when the velocity vector of the curve is spacelike, timelike or lightlike, 


respectively. The norm of a vector x € E? is defined as ||x|| = \/|(z,x)|. The hyperbolic and 


Lorentzian unit spheres are defined as 


He = {x € E? 


(G2) SS1} 


and 


S?={s eK? 


(x, 2) = 1}, 


respectively. Let y = y(s) : I > E? be an arbitrary curve. The curve ¥ is said to be an unit 


speed curve (or parameterized by the arc-length parameter s) if (7/(s),7/(s)) = +1 for any 


sel. 


For a spacelike curve y : J + E? parametrized with arclength parameter s, let {t,n,b} be the 
moving Frenet frame along the curve, where t(s) = y'(s) is the unit tangent vector, n is the 
unit normal vector defined as the unit vector in the direction t/(s) such that t’(s) = «(s) n(s), 
where «(s) is the curvature of the curve and b(s) = t(s) x n(s). The second curvature (torsion) 
of the curve is given by 7 = e€(b',n), where « = (n,n).The Frenet-Serret equations of the 


spacelike curve are given as 
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where (t,t) = 1, (n,n) =e, (b,b) = —e, (t,b) = (t,n) = (n,b) = 0. Ife = 1, 7(s) is a spacelike 


curve with the spacelike principal normal n and the timelike binormal b, while if « = -1 then 
y is a spacelike curve with the timelike principal normal n and the spacelike binormal b. 
For a timelike curve y, we define Frenet frame in similar way except for the torsion is given 
by 7 = —(b’,n). The Frenet-Serret equations are given by 


t! 0 « OO; It 


lv} |o -r of  [o| 


where 0) =< a) S11 8) = 1 a) Se) Se a) Ee 


A surface in E} is said to be a spacelike, timelike or lightlike if the metric on the surface 


is positive definite, indefinite or degenerate, respectively. The type of a surface can also be 
expressed in terms of the causal character of the normal vector of the surface by the following 


lemma. 


Lemma 2.1. [8] A surface in Minkowski 3-space is spacelike, timelike or lightlike if and only 
if at every point of the surface there exists a normal which is timelike, spacelike or lightlike, 


respectively. 


Definition 2.1. Let v and w be two spacelike vectors. Then, there exists a unique 


non-negative real number 6 > 0, such that (v,w) = ||v||||w|| cos 0. 


Definition 2.2. [14] Let v be a spacelike vector and w be a timelike vector in Ef. Then, 


there exists a unique non-negative real number 6 > 0, such that (v,w) = ||v||||w|| sinh é. 


Definition 2.3. Let v and w be two timelike vectors in the same time cone of E?, 


i.e. (v,w) <0. Then, there exists a unique non-negative real number 0 > 0, such that 


(v, w) = —|[o||]|w|] cosh 6. 


Lagrange’s Identity: For any vectors 7, € € E?, we have (nx€,nx€) = —(n,n)(€, €)+(n, €)?. 


3. FRAMED CURVES IN MINKOWSKI 3-SPACE 


In this section we define the Frenet type formula for the framed curves and give existence 


and uniqueness theorem of the framed curves in E}. 


Definition 3.1. [9] Let y: I > E} be a curve in E3. Then the map (y, 01,02) : 1 + E? x © 


is called a spacelike framed curve if 


(7'(t), 918) = 0, (7’(4), Ya(t)) = 0, VE € T, 
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such that p(t) = 01(t) x Vo(t) is an arbitrary spacelike vector field, where 
O = {(u,v) € S?2 x Hé|(u, v) = 0} or O = {(u,v) € H2 x $2|(u, v) = OF. 


Definition 3.2. [9] Let y : I > E} be an arbitrary curve in E3. Then the map (7,01, 02) : 


I > E} x © is called a timelike framed curve if 
(7'(t), 81()) = 0, (7H), Ba(t)) = 0, Vt € T, 


such that p(t) = 01(t) x Vo(t) is a timelike vector field, where 
6 = {(u,v) € S? x S?|(u,v) = 0}. 


Definition 3.3. Let (7,01, 02) and (7,01, 02) : I + E} x © are framed curves. We say that 


y and ¥ have the same causal character of the moving frame if the vector triplets {01, V2, p} 


and {01,02,p} have the same causal characters, respectively. 


3.1. Frenet-Serret type formula for framed curves. Let (7, 01,2) : 1 > E} x © be an 


spacelike framed curve and p(t) = v1 (t) x ¥o(t). The Frenet-Serret type formula is given by 


"| | 0 —OK1 . | 

0,1 = |-6e, 0 «al |dol, (3.2) 
LW} Lt amo Lo] 

where 6 = (01,01) = —(Ho,02). Kr = (04,02), K2 = (04,p),43 = (05,p). Moreover 


we can find a smooth function 7(t) such that y(t) = r(t)p(t). We call the functions 
(r(t), k1(t), k(t), K3(t)) the curvature of the framed curve. 
Similarly, the Frenet-Serret type formula for a timelike framed curve (7,01, J2) can be given 


by 


v4 0 Kk. —ko} |0y 
‘ = |-K1 0 —K3 Vo ’ (3.3) 
p =—AhQ Ne 0 Pp 


where ky = (04, 02), Ko = (04, p), K3 = (V5, p)- 


3.2. Existence and uniqueness of the framed curves in E}. 


Theorem 3.1. Let (7(t), «1(t), k(t), «3(t)) : I + R* be a smooth map. Then there ezist 


framed curves (y,01,92) : I + E? x © with three different causality whose curvatures are 


(r(t), K1(t), Ka(t), K3(t)). 
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Proof. Let to € I and let {e1, e2,e3} be an pseudo orthonormal basis for E}. First we suppose 
that e3 is a timelike vector and the basis is positively oriented. We need to solve the following 
ODE system 
v4 = K1V2 + Kop, (3.4) 
05 = —K1V4 + K3)/, 
p! = Ko) + K302, 


with initial conditions, 1(to) = e1, V2(to) = e2, p(to) = e3. Then by existence and uniqueness 


of the solution of a system of ODE, we get {01,V2, p} to be the unique solution and define 


v(t) = | r(s)p(s)ds. (3.5) 


Then we have to prove that the framed curve (7(t), Ji(t), Jo(t)) is a timelike curve with 


curvature functions (7,1, 2,3). We first show that the moving frame {1;(t), Jo(t), p(t)} 


is an pseudo orthonormal basis of E? with the same causal properties as of the initial basis 


{e1, €2,e3}. Consider the ODE system, 


(91,01)! = 2K1 (01, 2) + 2K2(p, V1), 
(02, 02)’ = —2K1(01, 02) + 2K3(p, V2), 
(p, py’ = 2k2(01, p) + 2K3(p, V2), 
(91, 02)’ = K1 (02, 02) + K2(p, V2) — K1(01, 01) + K3(p, V1), 
(01, p)' = K1(V2, p) + Ka(p, p) + K2(01, 01) + K3 (V2, 01), 
(2, p)' = —K1 (91, p) + K3(p, p) + K2(91, 02) + 3 (D2, 92), 
with initial conditions (81,01) = 1, (02, 82) = 1, (p,p) = —1, (01,02) = 0, (1, p) = 0, (2, p) = 
0. On the other hand, the constant functions f)(t) = 1, fo(t) = 1, fs(t) = -1, fu(t) = 


0, fs(t) = 0, fe(t) = 0 satisfy the same ODE system and initial conditions, so by uniqueness 


of the solution, 


—(p, p) = (01,01) = (2, V2) = 1, (1, ¥2) = (01, p) = (V2, p) = 0. 


This implies that {11, J2, e} is a pseudo orthonormal basis of E?. From (3.4), 7’ (t) = T(t)p(t), 
and hence (y’,7/) = 77(p, p) = —T? < 0, considering t 4 0, this implies that y is a timelike 


framed curve with curvatures (7, K1, 2, K3). 
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Similarly, we can show that (7, 01,2) is a spacelike framed curve with the spacelike vector 


Vv, if eg is timelike, and is a spacelike framed curve with the timelike vector 1; if e; is 


timelike. 


Proposition 3.1. [2] For any vectors a,b € E} and an isometry M € SO,(3), we have 


(a,b) = (Ma, Mb), (3.6) 


axb= Max Mb. 


Definition 3.4. [9] Let (7, 01,02) and (7,01, 02) : I > E} x © be framed curves of same 


causal character. We say that (y,01,02) and (7,01,02) are congruent as framed curves 


through a Lorentzian motion if there exists a matrix M € SOj,(3) and a constant vector 


c € E} such that 


V(t) = M(V(t)) +6, (3.7) 


for allt € I, where the matric M satisfies MTGM =G, Det(M)=1,G=]|]0 1 0 


0 Ol 


Lemma 3.1. [9] Let the framed curves (y,01,02) and (7,01, 02) be congruent. Then their 
curvatures coincide, i.e. the curvatures (T,k1,k2,43) are invariant under a Lorentzian mo- 


tion. 


Theorem 3.2. Let (7,01, 02) and (7,01, 02) : I + E} x © be framed curves that have the 
same causal character of the moving frames. If they have the same corresponding curvatures 


then they are congruent as framed curves through a Lorentzian motion. 


Proof. Let to € I and consider the isometry A € SO,(3) such that 0;(to) = AV;(to), p(to) = 
Ap(to). If c = 7(to) — Ao y(to), define the rigid motion Mz = Ar+c. We know that by 
above lemma 3.6, that the framed curve (Mo7, Av, AV2) satisfies the same ODE system as 


(7,01, 92). As the initial conditions coincide, then by uniqueness of ODE system, 


q(t) = Mo y(t), 


0; (t) = Av; (t), 4 = 1,2, 


which completes the proof. 
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4. TRANSLATION FRAMED SURFACES IN E3 


Definition 4.1. A smooth map (c,€,7) : Q Cc E? + E} x © is said to be a spacelike framed 


surface if the following conditions hold 


a;(8,t).€(s,t) = 0, o4(s,t).€(s,t) = 0, V(s,t) € Q, (4.8) 


where © = {(u,v) € H2 x S2|u.v = O}. 


Also, we say that the map (0, €,n) : QC E? > E} x0 is a timelike framed surface if condition 


(4.8) holds with © = {(u,v) € S? x S?|u.v = 0} or O = {(u,v) € S? x H@lu.v = O}. 


For a framed surface (0,£,7), the map (€,n) :Q— 0, is a moving frame while o : Q > E? 


is called the framed base surface. 


4.1. Basic invariants of a framed surface. Let’s define ¢(s,t) = €(s,t) x n(s,t), then 
with respect to the moving frame {€(s,t),7(s,t),¢(s,t)} along o(s,t), the basic invariants 
are defined as follows 

Case(i):- For the spacelike surface, € is a timelike vector and 7, ¢ are spacelike vectors. 


Then 


os) jer di} |n (4.9) 
ot c2 dz} |¢ 


where cy = 03.7, Co = o+.y, d1 = 05.C, dg = 01.€. 


(4.10) 
| 


| 0 lo mg 


en 
Ml fm 


where 1; = 5.7, m1 = &3.¢, M1 = Ns-¢ and lp = &.n, M2 = &.C, No = 1.¢. 
We call the smooth functions c, di,lj,mi,ni : Q 3 R, i = 1, 2 the basic invariants of the 


framed surface. Let the above matrices be denoted by A, Aj, Ag, respectively, as follows 


0 4 om, 0 lo mg 
C1 dy 
A= »Ai = 0 m}|,42=[l O- ne}. 
m2 —ng 0 


c2 dg 
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Then, using the integrability condition og; = o4; and Ag, — Ay, = A;A2 — A2A), the basic 


invariants satisfy the following conditions: 


Cit — dige = C25 — deni, 
dt — Cg, = do, — cyna, (4.11) 


cye2 + di fa = c9e, + dom. 


lye — myng = los — Mant, 
my 4 — len, = Ma,5 — lyna, (4.12) 
mit +hm2 = nos + lem. 


Case(ii):- For the timelike surface, € is a spacelike vector and one of the vectors 7 or ¢ is a 


timelike vector and other is spacelike. So let (7,7) = 6 = —(¢,¢), where 6 = +1, accordingly. 
Then 


Os cy —d 
See) (4.13) 
Ot c2 —dy g 


where cy = 05.7, Co = 04.9, dy = 05.C, dg = 04.€. 


a = 
4 


where Jy = &5.9, M1 = &5.€, ny = ys-¢ and lg = &.n, Mo = &.C, no = m.C. 


In particular, if we assume that the vector field 7 is timelike, then the basic invariants are 


given by 
0 —l; My 0 —lo mg 
—cy dy 
A= »Ar= —ly 0 ny , Ag = —ly 0 ng\- 
—cp de 
—m nm 0 —m2 no 0 


Again using the integrability conditions, the basic invariants satisfy the following conditions: 
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C14 — dinz = C2,5 — dgni, 
dy 4+ con, = do,+cine, (4.15) 


cilg — bym2 = col, — dom}. 


lye — myn = lo, — Mant, 
mize t+ lyn, = ma,5 + line, (4.16) 


nit — m2 = nes — lem). 


4.2. Existence and Uniqueness of framed surfaces in E?. 


Theorem 4.1. For arbitrary given smooth functions cj, di, li, mi,ni : 2 4 R,i = 1,2, defined 
on a simply connected domain Q, satisfying the integrability conditions (4.11) and (4.12) 
(respectively, (4.15) and (4.16) ), there exists a spacelike (respectively, timelike) framed surface 


(0, €,) : Q > E} x © such that ci, di,li,mi,ni are the basic invariants of the surface. 


Proof. By the integrability condition (4.12) (respectively, (4.16), there exists a pseudo or- 
thonormal frame {€,7,¢} such that it satisfy ODE system (respectively, (4.14). Fur- 
ther, by the integrability condition and (4.15), there exists a smooth map a : Q > E} 
which satisfies the condition and (4.13). Thus, we get a spacelike (respectively, timelike) 


framed surface (o,€,7) with basic invariants (A, A;, Ao). 


Theorem 4.2. Let (o,£,7) and (4,€,7) : Q + E? x © be framed surfaces of same causal 
character with basic invariants (A, A,, Ao) and (A, Ay, Ao), respectively. Then (a,£€,) and 


(,€,7) are congruent as framed surfaces if and only if the basic invariants coincide. 


Proof. Let (so,to) € Uo and consider the isometry A € O}(3), such that €(so,to) = Ao 
E(s0, to), (so, to) = Ao n(so,to) and C(s9,to) = Ao C(s0, to). If e = G(s0, to) — Ao o(s0, to), 
define the rigid motion Mz = Ax +c. Using the proposition 3.1, we see that the framed 
surface (Moa,Ao€,Aon) and (4,€,7) both satisfy the same linear system of differential 
equations and (4.14), i.e., basic invariants coincide. Now since initial conditions are 
same, by uniqueness theorem of system of ordinary differential equations, we find that Moo = 
g,A0€=£,A0on=77,A0C =C. Conversely, If (o,€,7) and (4,£,7) are congruent then 
Moo =a, Acé =£, Aon =, Aol =, then again using proposition 3.1, we find that both 


framed surfaces have common basic invariants. 
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4.3. Curvatures of a Framed surface in E}. We define curvatures of a framed surface 


(o,€,n) : Q > E? x © using the moving frame {£,7,¢ = € x 7} instead of {o5, 04, €} as at 
singular points it may not be well defined. So first we obtain the matrix associated with the 
Weingarten map W : TM — TM with respect to the frame {€,7,¢ = € x 7} and then define 


the curvatures as determinant and trace of the map, where TM = span{n,¢}. Thus, 


W(n) = —n&, W(¢) = —CE, (4.17) 


where 7€ and C€ are the derivatives of the unit normal € with respect to the vector fields 7 


and ¢, respectively. By using equation (4.9), we get 


1 | dg —d,} |os 
¢ r 


—C2. C4 Ot 


C1 dy 
where A = det 


W(n) = =n = ~5(daon ~ dion)é = ~5 (dak — i), 


W(¢)=-¢E= ~5(-e20, + cor) = —F(-en€, + c1€). 


Also using (4.10), we get 


Wn) = —((dalr — dila)n + (rmidg ~ mod)6), 


1 
W(Q) = ~ x ((erla — ¢ali)n + (e1me — cg771)¢). 
Thus, we get the Weingarten matrix as follows 


1 | lidg—led cilz — cal 
142 241 142 267 
r mdz — Mod, cymg, — C2z™My1, 


Now, we define wx = A.detW and uy = d.5trace(W). By direct calculation we obtain 


cq 6d om 

h=det| > ; pik =det : : ‘ (4.18) 
co do lo mg 
1 cl. om d, 1 

Ce 5 tdet det fo i: (4.19) 
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Where «Kf = (A, 1K, WH) is the curvature of a spacelike framed surface. Similarly we find the 


curvature of a timelike framed surface as follows 


c, d 1; m 

Nae , LK = —det : : ; (4.20) 
co do lg mg 
cy —m d, —l 

jz = =! Ge : *) det |” . }s (4.21) 
2 C2 mg, dg lo 


where 6 = (7,1). 


4.4. Translation framed surface generated by framed curves in E?. Let (7,1, 12) : 


I + E} x © and (7, %, 7) : I > E? x © be framed curves with the curvatures (1, K2, 3,7) 


and (K1,K2,%3,7) in E?. Let o : I x I :—> E} be the translation surface parametrized as 


o(s,t) = y(s) + F(t). 


Proposition 4.1. Let (0, v3, v§) :Q — E} x © be a one parameter family of curves with 


respect to s and (a,v4,v5) :Q 4 E} x © be a one parameter family of curves with respect to 


t. If p§ =vi x v8 and p' =v! x vé are linearly independent for each (s,t) € Q, then (0, £,7) 


is a framed surface for some smooth mapping (€,7):Q—> 0. 


For a translation surface o(s,t) = y(s) + 7(t) defined as above, we have (0,11,v2) and 
(o,71,2) as one parameter family of curves on the translation surface with respect to s and 
t, respectively. We consider a smooth map (§,7) : 2 — © defined by €(s,t) = eG and 
n(s,t) = p(s), where p = v1 X v2 and p = % X M2 such that the map (0,£,n):Q > E} x © 


is a framed surface and o is a framed base surface by the Proposition 4.1. Considering the 


above construction we have the following corollary. 


Corollary 4.1. Let (7,11,v2) : I > E? x © and (4, 1,2) : I + E? x © be framed curves 
in Minkowski 3-space such that p(s) and p(t) are linearly independent for all (s,t) € I x I, 


then (0,£,n) : Ix I > E? x ©, defined by o(s,t) = y(s) + F(t), E(s,t) = Mataa and 


n(s,t) = p(s), is a translation framed surface. 


Theorem 4.3. Let (y,11,2) : I + E? x © and (7,1, 2) : I > E? x © be timelike framed 


curves with curvatures (K1,k2,k3,7) and (K1,K2,%3,7), respectively in E3. Then the basic 


invariants of the timelike translation framed surface (c,€,n) : I x I + E? x © are obtained 
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as follows 


1 
li(s,t) = K2(s)Vv2(s — k3(s)M1(s : 
(s,t) Tew ate (K2(s)v2(s)-p(t) — Ka(s)v1(s).A(t)) 

p(s)-a(t) 

ma(8t) = Tay aeayy2 a1 cnals)vals) Ae) — wa(s)r(s).A(€)), 

= 7 
ni (s,t) = ONO (K2(s)1(s).p(t) + x3(s)v2(s).p(2)), 
lo(s, t) = 0, 

—1  etaos 2 
mals.t) = spray Felt) P2l6)-0(s) — R(t) (0)-0(s)). 
n2(s,t) = 0, 


where . denotes semi-Euclidean or Lorentzian scalar product. 


Proof. Since the framed curves (y(s),11(s),v2(s)) and (4(s),1(s),72(s)) are timelike, by 
construction 7(s,t) = p(s) is a timelike vector field which belongs to the tangent space of 
the surface o, therefore it is a timelike surface and furthermore € and ¢ are spacelike vector. 
Now by using the Lagrange’s identity (ux v,u x v) = —(u,u)(v, v) + (u,v)? and vector triple 
product (u x v) xX w = (v,w)u — (u,w)v for Minkowski space, we have 

llo(s) x p(t)ll = V/e(—(e(s), a(s)) (a(t), a(t)) + (0(s), o(t))?) = Ve(-1 + (p(s), A())?), 
where € = (€,€) = 1. Since by definition (of angle), (p(s), p(t)) = —cosh@, therefore —1 + 


(p(s), p(t))? = —1+ cosh?@ = sinh?@ > 0. Also since p and / are linearly independent, 
p.p # 1 therefore sinh? 6 > 0. Thus, we have 
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da(s,) = on(s,).C(s,4) = F(t)A(E) Els.) als) 
ate (5) x alt) 
~ MOOG) * POT a) AO 
(s). 


Now, by using equation (3.3), we have ps(s) = K2(s)v2(s) — K3(s)(s). Thus 


1 


li(s,t) = &s(s, t).n(s,t) = Tes) x aC 0) x ps(s)).p(t)) 

= TE Me) « (raleden(s)~ ss(ants)) 2) 
- EGHEN: = (2(s)22(8).All) — na(s)1(s).2(0), 

ma (8.8) = &(850).€(818) = Poa eas) x aLD)-(0(8) x AAO) x af) 
= LA Pals) x PO)-((0(8).2EO) ACs) + 9) 
= PT (H(0)-A10) (01s) x pals)-2tt) 
ee 7 (K2(s)v2(s).0(t) — Ka(s)r1(s)-A(d)), 

ra (8s#) = mals 4)-6(8,4) = ——pa(8)-(0(8) x Alt) x af) 


~ Veena ee) 
7 MCORC), SP a aera) 
la(s t) = &t(s, t).n(s, t) _ || o(s) . p(t)|| p( ) x pr(t) p(s)) =0 


no(s,t) = m(s,t).C(s,t) = pe(s, t).¢(s,t) = 0.C(s, t) = 0. 
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Corollary 4.2. The curvature Kf = (A, WK, MH) of the timelike translation framed surface 


in Theorem 4.4 is given as follows 


A= 1(s)T(t)V (e(s)-Alt))? — 1, 


sige = Ui2ls)¥2l(s) Blt) ~ Kals)v1(s)-AlE)) (a(t) Pa(t).0(s) — Ralt)Pa(¢)-0(s)) 
((0(s).A(t))? — 1)8/? 
gp TL 0) ral) 018) AE aloes). = als) (8) 218) 
2((o(s).A(t))? — 1) 


1 
LH (s,t) =5 terme + com, — dali} 


ak AEA) OS) SPN) 13) 
2 (o(s).a(t))? — 1 
_ T(t)(0(s)-A(t))? 


Proposition 4.2. Let (y,11,72) : I + E} x © and (7,%,%2) : I > E? x © be timelike 
framed curves with curvatures (K1,k2,3,T) and (K1,k2,k3,7), respectively. Assume that y 


is contained in the xz-plane and ¥ is contained in the xy-plane. Then for the translation 


framed surface (o,£,7) : I x I + E} x © obtained by the above curves, ux = 0 if and only if 


o is a generalized cylinder. 


Proof. Let the curve y be contained in the xz-plane and ¥ be contained in the xy-plane. Then 
we take (8) = (0, 1,0), ”(t) = (0, 0, 1) and p(s) = (p1(s), 0, p3(s)), p(t) = (p(t), P2(t), 0) 


for some real smooth functions p1, 93, 1 and p2, which further gives v2(s) = 11(s) x p(s) = 
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(—p3(s),0,—pi(s)) and (t) = %(t) x p(t) = (—fo(t), —fi(t),0). Also since 1, and 7 are 
fixed vectors, v = 0 and | = 0 therefore from (3.3), Kk. = K2 = K1 = Ko = 0. Hence 


K3(S)K3 p(t 
in 


Thus ux = 0 if and only if one of the functions &3, 3, 93, M2 is identically zero on an open 
interval in I or I. So, if «3 = 0 or p3 = 0 then ¥ is a part of a timelike straight line, while 


3 = 0 or po = 0 implies 7 is a part of a timelike straight line. In either case co is a generalized 


cylinder. 


Proposition 4.3. Let (y,11,v2) : I + E? x © and (7,%1,%) : I > E} x © be timelike 


framed curves with curvatures (K1,2,3,T) and (K1,k2,k3,T), respectively. Assume that y 


is contained in the xz-plane and ¥ is contained in the xy-plane. Then for the translation 


framed surface (o,€,7) : I x I + E} x © generated by the framed curves, uy = 0 if and only 


if o is a point or is a part of the following surface 


cosh(cu(s) 
sinh(cv(t)) 


o(s,t) = (<los| | + B v(t), u(s)), 


where B, c are some constants. 


Proof. Using the similar constructions {1, 2, p; and {7, 72, P} as in Proposition 4.2, we get 


K. = Ko = Ki = K2 = O. Hence 


T(s)p3(s) = T(#)pa(t) = C(constant). (4.22) 


By definition «3(s) = v5(s).e(s) = /3,sP1 — P1,se3 and K3(t) = pozP1 — PisP2, substituting 
into (4.22) we get, 

C(p3,sP1 — Pi,sP3) = T(s)p3(s), 

C(p2,tP1 — P1,tP2) = —T(t)pe(t). 
In the case C' = 0, we have t = 0 or p3 = 0 and T = 0 or pz = O. If p3 = 0 and po = 0 then 


k3 = 0 = &3 which contradicts to the equation (4 . Thus 7 = 0 and 7 = 0 which implies 


that o is a point. 
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Now in the case C ¥ 0, replacing c = A in the above equations we get, 


(3,sP1 — P1,sP3 = CT(s)p3(s), (4.23) 


P2,tP1 — PitzP2 = —c7(t)pa(t). (4.24) 


Since p is a timelike unit vector we take p(s) = (cosh (@(s)),0,sinh (@(s))), therefore p15 = 
@, sinh (@) and p3,, = 6; cosh (@). Using equation (4.23), we get 


6, = cr(s) sinh (A(s)), 


lm” =e f r(s)as-+0, 


14A2e2eS T(s)ds 2Acc J T(s)ds 
{— A2e2efr(s)ds?~) _ Ae2e fr(s)ds 


ae 6 _ 14AerS r(s)ds 
which gives e’ = 1_Aeci tas? 


calculate y(s) = f 7(s)p(s)ds. Let y(s) = (71(s), 0, 72(s)), then we get y1(s) = f 7(s)pi(s)ds = 
— A2e2¢ f 7(s)ds ec J T(s)ds 
; log (2 SOLS ) and 73(s) = f T(s)p3(s)ds = 1 log (Has ) . 


Let u(s) = t log He), then ¥ is given by 


a Now we 


thus we get p(s) = ( 


1 1 
y(s) = c log cosh (cu(s)) — c log (2A), 0, u(s)). 
Similarly, by equation (4.24), we obtain 


= * tog | sinh (ev(#))| + * log (2A), u(t), 0). 


Ae-c JS tat 
AeWc JS t(t)dt } Th 8 


where v(t) = —4 log = 


o(s,t) = 7(s) + V(t) 


_ e ie cosh(cu(s)) 


sinh(cu(t)) 
where B is a constant. In fig. 1 we have diagram of the surface when c= 1, B = 0. 


| + B,v(t),u(s)), 


FIGURE 1. 
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Theorem 4.4. Let (y,11,¥2) : I > E} x © a spacelike and (4,%,2) : I + E} x © be 


a timelike framed curve with curvatures (K1,K2,K3,T) and (K1,k2, 3,7), respectively in Ey. 


Then the basic invariants of the timelike translation framed surface (o,£,1) : Ix I > E} x @, 


are obtained as follows 


c1(s,t) = T(s), 


(8.0) = Far s)00(9). 00) — nls) 20) 
rm (8,t) = _ EPPO (ea(s)vals).alt) — kals)rn(s).Alt), 
nals) = ea nals). A) sl s)02(8) 200) 
la(s,t) = 0, 
malt) = al Pal). () ~ Ra(t7(0.0(8)), 
na(s,t) = 0, 
ee Soest. 


Proof. Since the framed curves (y(s), 1(s),V2(s)) is spacelike and (7(s),1(s), 72(s)) is time- 
like, by construction o;(s,t) = ¥(t) is a timelike vector field which belongs to the tangent 
space of the surface a, hence o is a timelike surface and € and 7) are spacelike vectors, ¢ is a 
timelike vector. Thus, we have 

los) x alt)|l = Ves), PPE), BE) + lS), BOY) = Ve + ), OY); 
we have Ho = sinh@, i ), a(t))? = 1+sinh? 6 = cosh? 6 > 0, hence € = (€,£) = 1, 
and |Ip(s) x a(t)|| = VT + 


(s 
» pt 


))?, we have 
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By using (3.2), we have ps(s) = —dK2(s)11(s) + 0K 3(s)V2(s), hence 


1 


b(t) = 65(s,#).m(8,8) = Tra (os) x pa(s))-2CE)) 
= TT Ellnls) * (Baloals) + bxa(0al9). 210) 
“= (als) (—00(8)) + (59-80 (8)). 010 
= "219022001000 — Hsls)en(9) 00) 
rma(sst) = 648, 81:6(8.0) = Palos) « PUB) (0Ls) x Bet) p(8) 
= I sls) x POO) (ols)-210) 01s) + 300) 
= REM) AO NOL) ros). 
= FOAO — sleals)en(6).0lt) ~ nals)ra(s) (0). 


= a losls)-0(0) 
=a pal nlorl9)-0(0) ~ rsls)vals) 000) 
In(s.t) = Ges. #).nl6.9) = a ols) x pill). 0(s)) = 0 
mals.t) = G88.) = a ols) % Pet) 0(s) x Ale) x als) 
Sear ; ape ult) x I)-065) 
1 
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Corollary 4.3. The curvature Kf = (A,uK, UH) of the timelike translation framed surface 


given in Theorem 4.5 is given as follows 


6 = (n,n) = 1, so 


1 
pes j== gicime + cgm, — daly} 


_ ay pA AULZ1 TE), — fa(t)i1(¢)-p(s)) 
1+ (0(s).a(t))? 


2 


Proposition 4.4. Let (7,11, 2) : I > E? x be an spacelike and (7,01, 2) : I + E} x © be a 


timelike framed curve with curvatures (K1,k2,3,T) and (K1,2,%3,7), respectively. Assume 


that y is contained in the yz-plane and ¥ is contained in the xz-plane. Then for the translation 


framed surface (o,£,n):I x I> E} x 0, ux =0 if and only if o is a generalized cylinder. 


Proof. We take v1(s) = (1,0,0), 71(t) = (0, 1,0) and p(s) = (0, p2(s), p3(s)), a(t) = (A1(#), 0, Ps(t)) 
for some real smooth functions p2, 93, f1 and p3. Then we get v2(s) = p(s) x m(s) = 


(0, p3(S), p2(s)) and v(t) = m(t) x p(t) = (—f3(t),0,—pi(t)). Since 1 and 7% are fixed 


vectors, vy; = 0 and 7» = 0 therefore kK, = Kg = Ky = Ko = 0. Now by following the similar 
1 1 


steps to the Proposition 4.2 we get the result. 
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Proposition 4.5. Let (y,11,12) : I + E3}x © be an spacelike and (7,1, 02) : I + E?x@ bea 
timelike framed curve with curvatures (K1,k2,3,T) and (K1,%2,%3,7), respectively. Assume 


that y is contained in the yz-plane and ¥ is contained in the xz-plane. Then for the translation 


framed surface (o,€,n) : I x I + E? x ©, py = 0 if and only if o is a point or is a part of 


the following surface 


ot) = (nfo 2, 


where c is some constant. 


Proof. Working with the same frames {1, 72, p; and {”, 72, p} as defined in the Proposition 


4.4, we get ky = Ko = Ky = Ko = O. Since —¢ is an spacelike unit vector and f is a timelike unit 


vector so we take p(s) = (0, cos 6(s), sin @(s)) and p = (cosh @(t), 0, sinh @(t)) and by following 


the similar steps to the Proposition 4.3 we obtain 
1 
(8) = (0,u(s), + log (2ese (eu(s)))), 
i 
y(t) = (v(t), 0, ne log cosh (cu(t))), 


where u(s) = —4log(tan (§ f 7(t)dt + b)) and v(t) = 2 arctan (Ae*/ 74), Thus 


c 


= (oo Hg 2442, 


where c is a constant. In fig. 2 we have diagram of the surface when c = 1. 


FIGURE 2. 
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Theorem 4.5. Let (7,11,V2) : I + E} x © and (4,1, 2) : I > E? x © be spacelike framed 


curves with curvatures (k1,K2,K3,T) and (K1,2,k3,7), respectively in Ef. Then the basic 


invariants of the spacelike translation framed surface (o,€,n) : I x I > E} x ©, are obtained 


as follows 
c1(s,t) = T(s), 
di(s,t) = 0, 
c2(s,t) = 7(t)p(s).p(t), 
do(s,t) = —T(t)V/1 — (p(s).a(t))?, 
1 _ = 
I(s,t) = WITONO): (K2(s)v2(s).a(t) — K3(s)r1(s).A(t)), 
rm (st) = ~EEPPO— (ea(s)vals).alt) — kals)rn(s).alt), 
) Z 
mi(s,t) = EITONG): (*2(s)1(s).a(t) — K3(s)v2(s).p(t)), 
lo(s, t) = 0, 
1 Da 
ma(s,t) = 7— (8) A)? (K2(t)?2(t).p(s) — Ra(t)r1(t).e(s)), 
no(s,t) = 0, 
where 6 = (11,11) = +1. 


Proof. We can prove this theorem using similar steps as the Theorems 4.4, 4.5. 


Corollary 4.4. The curvature Kp = (A, WK, UH) of the spacelike translation framed surface 


given in Theorem 4.7 is given as follows 


A= —1(s)T(t) V1 = (0(s).0(4))?, 
_ (K2(s)v2(s).a(t) = &3(8)11(s)-P(t)) (Ra()22(t).0(s) — Ra(1(t).0(s)) 
) 2 


— (1 = (p(s).a(t)2)372 
sy = — Ts) (Ral t)Palt)-1(s) ~ R(t)? (t)-0(s)) ~ 7(t)(62(s)e2(5) ACE) ~ Ks(s)e4(3)-2(6)) 
2(1 — (p(s).p())? 


Proof. Proof is similar to the corollaries 4.2, 4.3. 


Proposition 4.6. Let (y,11,v2) : I > E} x © and (7,%,) : I + E? x © be spacelike 
framed curves with curvatures (K1,k2,43,T) and (K1,k2,k3,7), respectively. Assume that y 


is contained in the yz-plane and 7 is contained in the xz-plane. Then for the translation 


framed surface (o,€,n):I x I> E} x 0, ux =0 if and only if o is a generalized cylinder. 
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Proof. We take v;(s) = (1,0,0) and 7 (t) = (0, 1,0) then there exist real smooth functions po, 
p3, pi and ps such that p(s) = (0, p2(s), 3(s)) and p(t) = (p1(t), 0, 3(t)). Now by definition 
v2(s) = p(s) x1(s) = (0, p3(s), p2(s)) and 7a(t) = v(t) x p(t) = (—pa(t), 0, —pi(t)) and since 


v, and 7 are fixed vectors, v = 0 and 7, = 0 therefore Ky = Kg = Ky = Ko = 0. Now by 


following the similar steps to the Proposition 4.2, we get the desired result. 


Proposition 4.7. Let (y,11,/2) : I + E} x © and (9,%,2) : I > E} x © be spacelike 
framed curves with curvatures (K1,k2,3,T) and (K1,k2,k3,7), respectively. Assume that y 


is contained in the xz-plane and ¥ is contained in the yz-plane. Then for the translation 


framed surface (c,€,n): I x I + E? x ©, py = 0 if and only if o is a point or is a part of 


the following surface 


. sinh(cu(t)) ). 


sin(cu(s)) 


where c is some constant. 


Proof. Working with the frames {/1, v2, p; and {7%,2,/P} as defined in the Proposition 4.6, 


we have kK, KQ Ry Ra 0. Since p and /f are spacelike unit vectors so we take 


p(s) = (0,cos@(s),sin@(s)) and p(t) = (sinh @(t),0,cosh@(t)) and by following the similar 
steps to the Proposition 4.3 we obtain 
1 , 
7¥(s) — (0, u(s), ¢ log (2 sin (cu(s)))), 
1 
T(t) = (v(t), 0, = log (2 sinh (cv(t)))), 


where u(s) = —4 log(tan (§ f 7(t)dt + b)) and v(t) = d log (1A Te): Thus, 


o(s,t) = y(s) + Fé) 


= (v(t), u(s), Sse 


Cc 


sinh(cu(t)) \) 


sin(cu(s)) 


where c is a constant. In fig. 3 we have diagram of the surface when c = 1. 
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FIGURE 3. 


ACKNOWLEDGEMENTS 


The corresponding author would like to thank CSIR, New Delhi, India for financial sup- 
port under the Senior Research Fellowship (SRF) (09/013(0953) /2020-EMR-I) and also to 


the Department of Mathematics (Institute of Science), Banaras Hindu University (BHU), 


Varanasi (U.P), India, for providing necessary facilities. 


10 


11 


12 


REFERENCES 


Cetin, M., & Kocayigit, H., & Onder, M. (2012). Translation surfaces according to Frenet frame in 
Minkowski 3-space. International Journal of Physical Sciences, 7(47), 6135-6143. 

Couto, I. T., & Lymberopoulas A. (2021). Introduction to Lorentz Geometry, curves and surfaces. CRC 
Press. 

do Carmo, M. P. (1976). Differential geometry of curves and surfaces. Prentice-Hall, Inc, New Jersey. 
Fukunaga, T., & Takahashi, M. (2019). Framed surfaces in Euclidean space. Bull Braz Math Soc, (50), 
37-65. 

Fukunaga, T., & Takahashi, M. (2020). Framed surfaces and one parameter families of framed curves in 
Euclidean 3-space. Journal of singularities, (21), 30-49. 

Fukunaga, T., & Takahashi, M. (2022). Singularities of Translation surfaces in the Euclidean 3-space. 
Results in Mathematics, (77), 89. 

Honda, S., & Takahashi, M. (2016). Framed curves in Euclidean space. Adv. Geom., 16(3), 265-276. 
Kuhnel, W. (1999). Differential Geometry: Curves - Surfaces - Manifolds. Wiesdaden, Braunchweig. 

Li, P., & Pei, D. (2021). Nullcone fronts of spacelike framed curves in Minkowski 3-space. Mathematics, 
(9), 2939. 

Liu, H. (1999). Translation surfaces with constant mean curvature in 3-dimensional spaces. J. Geometry, 
(64), 141-149. 

Lopez, R., & Perdomo, O. (2017). Minimal translation surfaces in Euclidean space. J. Geom. Anal., (27), 
2926-2937. 

O’Neill, B. (1983). Semi-Riemannian Geometry, With application to relativity, Pure and Applied Math- 


ematics. 103, Academic Press, Inc. New York. 


INT. J. MAPS MATH. (2024) 7(1):97-121 / TRANSLATION FRAMED SURFACES IN E} 121 


[13] Pressley, A. (2001). Elementary differential geometry. Springer-Verlag. 

[14] Ratcliffe (2006). Foundation of Hyperbolic Manifolds. Second Edition, Graduate Text in Mathematics, 
149, Springer, New York. 

[15] Yang, D., & Dan, W., & Fu, Y. (2018). A classification of minimal translation surfaces in Minkowski 
space. J. Nonlinear Sci. Appl., (11), 437-443. 


DEPARTMENT OF MATHEMATICS, INSTITUTE OF SCIENCE, BANARAS HINDU UNIVERSITY, VARANASI- 


221005, INDIA 


DEPARTMENT OF MATHEMATICS, INSTITUTE OF SCIENCE, BANARAS HINDU UNIVERSITY, VARANASI- 


221005, INDIA 


VOLUME 7 ISSUE 1 March 2024 
E-ISSN 2636-7467 https://www.journalmim.com 


Contents 


1. Anew parametrization of Cartan null Bertrand curve in Minkowski 3-space 
Stuti Tamta, Ram Shankar Gupta 2-19 


2. Some results on B-kenmotsu manifolds with a non-symmetric non-metric connection 
Abhishek Singh, Mobin Ahmad, Sunil Kumar Yadav, Shraddha Patel 20-32 


3. Astudy of \varphi-Ricci symmetric LP-Kenmotsu manifolds 
Rajendra Prasad, Abdul Haseeb, Abhinav Verma, Vindhyachal Singh Yadav 33-44 


4. Yamabe solitons on Sol 3 space 
Savita Rani, Ram Shankar Gupta 45-57 


5. Generalized solitonic characteristics in trans para Sasakian manifolds 
Mohd Danish Siddiqi, Aliya Naaz Siddiqui, Oguzhan Bahadir 58-75 


6. Pointwise hemi-slant Riemannian maps into almost Hermitian manifolds and Casorati inequalities 
Yilmaz Gunduzalp, Mehmet Akif Akyol, Bayram Sahin 76-96 


7. Translation framed surfaces generated by non-null framed curves in Minkowski 3-space 
Akhilesh Yadav, Ajay Kumar Yadav 97-121 


